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Abstract

This paper derives the characteristic function of the multivariate (-distribution in
terms of a well-known special function, namely, the Macdonald function, which has
been extensively studied by several authors in recent years.
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1. INTRODUCTION

The multivariate t-distribution, a natural generalization of the univariate Stu-
dent t-distribution, has been studied in various contexts by several authors. Among

them we mention Bechhofer, Dunnet and Sobel (1954), Cornish (1954), Sutradhar

and Ali (1986) and Sutradhar (1990).

The characteristic function of the univariate Student ¢-distribution for odd de-
grees of freedom has been derived by Fisher and Healy (1956). Ifram (1970) gives a
general result for all degrees of freedom but Pestana (1977) points out that this result
is incorrect. A series representation of the characteristic function of the multivari-
ate t-distribution has been given by Sutradhar (1986). However, the convergence of
those series has not been ever checked. Javier and Srivastava (1988) also find a se-
ries representation for the characteristic function of the multivariate ¢-distribution.-
We find the characteristic function in terms of the well-known Macdonald function.
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In particular, we consider a p-variate random variable X = (X1, Xa,---,Xp)’

having probability density function _
f(2) = Clv,p) | vA |72 (14 (2 — 0) (vA) ™ (= — 8))~“+P)/2, (1.1)

where the normalizing constant C(v, p) is given by
C(v.p) = T((v +p)/2)/ (7*/*T(v/2)) (1.2)

The density (1.1) is known as the p-variate t-distribution where the p-dimensional
column vector  is the location parameter, the p X p matrix A is the positive definite
matrix of scale parameters while v represents the degrees of freedom.

An elegant expression for the characteristic function of the multivariate ¢-distribution

in terms of Macdonald function has been derived in this paper.

2. THE MACDONALD FUNCTION

The Macdonald function has been getting increasing attention in the recent
statistical literature (see for example, Barndorfl-Nielsen and Blaesild, 1981). We
list below some standard results on the integral and series representation of the
Macdonald function which will be required in the sequel. In relation to the present
work the Macdonald function K,(r) with argument r and order o may be defined
by the following integral representation (see for example, Watson, 1958, p 172):

AN - 2
Ko(r) = (;) 'E%/O (1 +u?)~ YD) cos rudu, r > 0,0 > =1/2 (2.1)

In particular, we remark that (see, for example, Tranter 1968, p 19)
Ky jo(r) = /m(2r)"Y2e . (2.2)

A series representation of the Macdonald function K,(r) where 7 > 0 and a, a
nonnegative integer is as follows (see, for example, Lebedev, 1965, pp 107, 110):

a-1

Ko(r) = 201 Z (= )’(a'; 1 — ) P2
e (_1)02-—(a+1) 2 {6(1 + ]) +£(aa++1]";i7 In(r /4)} 2]+a (23)
=0
with £(r) = T'(r)/T'(r). (2.4)

For non-integral positive values of a, a series representation of Ky(r) for 7 5 0 is
. given by (see, for example, Spainer and Oldham, 1987, chapter 51):

2]+a

Kao(r) = 22 (o) |
ta(r) Z l—a) al Z (14 a); (25
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where (a); is the Pochammer polynomial defined by
(a);j =T(a+j)/T(a) =ala+1).. (a+j—1). (2.6)
3. THE CHARACTERISTIC FUNCTION

The main result of the paper is presented below in the form of a theorem.

Theorem 3.1 Let X have the multivariate t-distribution as defined by (1.1). Then
the characteristic function ¢x(t) = Efexp(it' X)] of X is given by

ll(wA)!/2e)) /2

K, eI A 2 3.1
2U/2_1F(U/2) \b‘-A\l ”) ( )

éx (t) = exp(it'9)

where K, ;5(||(vA)!/%t]|) is the Macdonald function with order v/2 and argument
lI(wA) /2],

Proof. Set Z = A='/2(X — ). Then the characteristic function of Z is given by

¢z(t) = C(v,p) | exp(it'z)(1+ ='z/v)v+P)/2q;.
Rp

An orthogonal transformation Y = PZ with y; = Uz(J|¢f])! gives
620 = Cup) | explGlllon)(1 +/y/0)*+ /2 ay, (3.2
Rp

Now, successive integration over Yp,Yp—1," -+, Y2 in (3.2) yields

éz(t)

Cv,1) 23, (cos [[tllyy + isin [Jt][y1)(1 + y2/v) = +D/2gy,
2C (v, 1) [y cos(||tl[yr)(1 + y2/v) = +1)/2qy,

By virtue of (2.1), we immediately have

I/1/2t U/2
o2(0) = s Il

= m]\'un(“‘/]/?‘”-

Hence, the proof of the theorem is completed by noting that

ox(t)=E [eXp (it’(e + A‘/zz))l = exp(it'0) E[i(AY?t) Z].
As a consequence of the series representation of Macdonald function given by (2.3)
and (2.5), it is easily verified from (3.1) that the characteristic function of the
multivariate t-distribution has the following series representations.
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Case (i) v positive and even

' vj2-1 -
ox(t) = exp(it'd) | > Ci(i)li(wA) ¥ +ZCz DAY 2+
Jj=0 j=0

TS Gl (—tn(l(wA) P wA) 2]+

where ( ) / )i
. — (/2 -1 - )
Gala) w/2—Dn5

. E1+Jj)+EWw/2+14 )+ Ind

C2(j) (/2 - 1) (v/2 + j)4

Cs(j) = (2°7'(w/2-D!(v/2+5)47)7",

and £(r) is defined by (2.4).

Case (ii) v positive, and odd or fractional

ox(t) = exp(it’O)Z [Dl(j)n(uA)l/?t“?f e Dz(j)!|(uA)1/2t“u+2J‘]
§=0

where

Di(j) = (GW(1-wv/2);)"

Dy(j) = T(-v/2)(2T(v/2)j"4 (1 +v/2);)""

with (a)j; the Pochammer polynomial, defined by (2.6).

4. CALCULATION OF MOMENTS

Let X have the multivariate ¢-didtribution with p.d.f. given by (1.1). Then, it is
well-known that E(X) = § and Cov(X) = vA/(v — 2). We now calculate product
moment of the spherical t-distribution having p.d.f. (1.1) with A = I, an identity
matrix.

Case (1) positive even v

2
vf2-1 i
dy(t) = Z C1(J)VJ(t t)J +ZC° ”>u/2+] ‘
£ OB Rl ()2 (1)

where Ci(j)'s(i = 1,2,3) are defined in Section 3.
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Case (ii) positive noneven v

by (1) =Y DiGIW (1) + ) Dol /*Hi (et *H (4.2)
j=0

j=0
where D;(7)'s(i = 1,2) are defined in Section 3.

To calculate E(Y}?) for positive even v, set ty = t3 = --- = t, = 0 in (4.1) so
that we have

v/2-1

pr(t) = 3 WA + 3 Cal P
j=0

i=0

+ Cs(j)(=Inty \/;)Vu/2+jt‘;+2j .
After a tedious but straightforward algebra and by the use of the fact

) . dn(t _ i , &=
lim t{in(t;) = lim (_Cl):lxm—l—zhm—l:O,c>0
10 610 ] 0 _eg (¥ nlo e

we find that

d2
PElY) = dt—zqﬁy(tl,o, ooy 0) Jy=o= 20Ci1 (1) = v/(v = 2),v > 2.
A

The following results may be obtained from (4.1) for positive even vlues of v by
similar routine calculation. '

32
Y4 — 2 T T ———————
E(Y) 2402C,(2) (u—22(u—4)‘”>4‘
Y32 = . Bt
(YEYD 8v°Cy(2) (UhQ)(V_4)3,u>4and
E(Y2YZY?) = -—48/3C,(3) = - ,v > 6.

(v—=2)(v—4)(v—6)

When v is positive non-even we have, by differentiating (4.2), the same -formulae
for product moments as above except that C is replaced by Dy. In fact, it may be
proved that for at least one odd mp(k=1,2,...,p),

k=1
the following result holds

(m/2)!(—4v)™/2Cy(m/2) {

P P
E (H Ykm“) =0 and for all even my(k = 1,2,...,p) with m = Z mg,
. k=1

7rP/2

.4 myg + 1 ) |
H ( = )} for positive even v(> m),

k=i

E (ﬁ Ykm"> = '
k=1 (m/2)/(—4v)™/2 Dy (m/2) {H (m;c;- 1)} for positi.ve non-even v(> m),

7rP/2
o k=]

!
i
i
8|
|
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where C; and D; are defined in Section 3. Finally, by setting the values of Cy and
Dy, we obtain that the well-known result for the product moment of the Spherical
t-Distribution is givern by

0 if at least one my(k = 1,2,...,p) is odd,

P
20((v=m)/2) !
E (H Ykmk) = V"l/') 2("“,1—‘(’-:;4 Z:l In:’:k;'_’)f’u > m, (43)

k=1
if all migs(k = 1,2,...,p) are even

(cf. Sutradhar, 1986).

5. A LIST OF CHARACTERISTIC FUNCTIONS

We now give a list of ¢-type distributions alongwith their characteristic functions
expressed in terms of the Macdonald function. In what follows the normalizing
constant C(v, p) is given by (1.2).

(i) The Univariate Student t-distribution

flz) = Cn ) Y21 422 v)~ D2 2eR v > 0,
LI I ;
¢X(t) = 2-1;*(‘,/‘2'5]\://'2(”1/2 l t |)

(i1) The Multivariate Cauchy Distribution

flz) = CUP) A2 (14 (z=0)A~ z—0))"P+D/2 zeP,
. ) VEFIVE I, 9 ;
ox(t) = exp(it'0)gmrflss Kypa (A1) = exp(ir'0 — |AY¢]))

“ by virtue of (2.2) (cf. Press, 1982, p 175).

(ii1) The Pearson Type VII Distribution {cf. Johuson and Kotz, 1970, p 114)

flz) = C@m=—p,p)|BAITY2 (14 (& =0Y(BA) (= —0)~™,
zeRP,m > p/2,8 > 0,

(NN s

e (t
¢x(t) 2m=p/2=-1T(m — p/2)

I

exp(il'd) Km—pr2(J(BA)722])).
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(iv) Multivariate t-type Distribution
fe) = Cu,p) | BAITY2(1+(z OY(BA) (=~ 9))~+P)2 zeRP v, B > 0,

1/2411v/2
oxt) = explito) oAk a0 ),

The parameter 3 is not necessarily a function of v (cf. Rao, 1973, pp. 169-170). In
particular, when 8 = v — 9 the above probability density function defines the mean-
variance representation of the multivariate t-distribution (sce Sutradhar, 1990).

It may be remarked that the well-known fact that the multivariate t-distribution
can be written as a scale mixture of the normal distribution N(0,7%A) and the
gamma distribution with scale parameter v/2 and mean 1(i.e. G(v/2,2/v)) follows
from an integral representation of the Macdonald function given by Lebedev (1965,
p 119) and the symmetry property of the Macdonald function with respect to order.
We also note that as v — oo, the mixing distribution G(v/2,2/v) converges to a
degenerate distribution with all the nonzero mass at the point unity explaining that
the well-known fact that the limiting distribution of the multivariate t-distribution
is the multivariate normal distribution.
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