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ABSTRACT

We consider n pairs of random variables (Xt1,Xzt),(Xn,Xz),...,(Xr,,Xz) having a bivariate

elliptically contoured density of the form

K(n)lt\l-'12 s

where 01, 02 are location parameters and A : ((1,*)) is a 2 x 2 symmetric positive definite matrix

of scale parameters. The exact distribution of the Pearson product-moment correlation coefficient

between X1 and X2 is obtained. The usual case when a sample of size n is drawn from a bivariate

normal population is a special case of the abovementioned model.

RESUME

Nous consid6rons n paires de variables al6atoires (Xr r , X2r ), (Xr2 ,Xz), . . . ,(Xn,Xu) ayant une

densit6 conjointe de la forme

(n I
rK(n)lA l-'l'e lf tx,; - 0r, xuj - 0z)A ''(x,j - 0r, Xzr - 0r)r I ,

17)
oi 0r,02 sont des paramltres de position et oi A : ((I*)) est une matrice 2x2 de paramEtres

de dispersion. On obtient la distribution exacte du coefficient de corr6lation de Pearson entre X1

et X2. La situation oi un dchantillon de taille n provient d'une loi binormale repr6sente un cas

particulier de celle consid6r6e ici.

1. INTRODUCTION

Consider n pairs of identically distributed (not necessarily independent) random vari-

ables (X1;,X2;) for 7 : 1,2,...,n as realizations of the pair (Xr,X).The statistic

commonly used in the study of the degree or strength of the relationship between X1
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and X2 is known as the Pearson product-moment correlation, usually designated by r and

given by

;,r,, -*i6zi-*z\

I

( D,*,, - x rtz f , r,,- & )")'\TT)
The statistic r has a long history and we simply refer to Pearson (1920) and Kruskal
(1958), among others, for a discussion on its appropriateness as a suitable measure of
association even in nonnormal cases. The quantity

Cort(X1, X2)p-
{Wqi%q,)

is called the population correlation coefficient. The properties of p for nonnormal models

are discussed in most standard texts, e.9., Cramer (1946, p. 275).

Fisher (1915) obtained the exact sampling distribution of r for a random sample

drawn from a bivariate normal population. The present work was primarily motivated by

the work of Muirhead (1982), who studied the asymptotic distribution of r based on a
random sample from a bivariate elliptical distribution. The elliptical distributions have

been studied by several authors, among whom we mention Dawid (\917), Chmielewski
(1981), Fraser and Ng (1980), Kariya (1981), Eaton (1983), and Anderson, Fang, and

Hsu (1986). Gayen (1951) and Devlin, Gnanadesikan, and Keuenring (1976) studied

the robustness of the distribution of r. The reader is referred to Kowalski (1972) for a

historical survey of the literature on robustness studies.

In this paper we consider the elliptical distribution (Sutradhar and Ali 1989) of n

two-dimensional random vectors Xt,Xz,...,X, having a joint p.d.f. of the form

where K(n) is a suitable normalizing constant, x! : @r1,xzi) is a two-dimensional row
vector,0': (0i,02) is a location parameter, and

is a 2 x 2 positive definite matrix of scale parameters.

We derive the exact distribution of r based on the above model and show that the

distribution of r depends only on n and the parameter p: )"trlr/TiIi and does not

depend on the form of S('). In particular, the case where X1,X2,.. .,Xn is a sample from

the bivariate normal population with parameters 0 and A belongs to the class given by
(1.1). We remark that if the second moments of X; forT : 1,2,...,n in the model (l.l)
exist'sa, 

r:(orr o'')'
\ 621 6zz /

then it follows from Ali and Ponnapalli (1990, p. flg that the matrix A determines the

matrix I up to a scale factor c2. More precisely, I : c2A, where c2 is an arbitrary
positive constant. It then follows that in our case, Xnlr/Tt : oef 1/o11o22 - p is
also the population correlation coefficient for this bivariate elliptical model.

n: (l;l i:)
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For the model (l.l), it is shown by Anderson, Fang, and Hsu (1986, p.58, Example

1) that the maximum-likelihood estimators of o1 1, 622, and o12 are given by

an
6,,:1)-(x,,-*t)2.

\lu
.t8 

I

an
o22 : 1 )- ixr, - X)1 .-, lJ

I

and
1n

4,, -- i I,r,, - Xt)dzi - Xil.
J6 

|

where y, is the maximum of y'l2g6,). It follows that the maximum-likelihood estimator

of p is then given by

^6op: t:r.
(o11622.;7

An important problem in the area of stock-market analysis is the study of the per-

formance of stocks of some selected firms, say, (l) Bell Canada, (2) Bank of Montreal,

relative to the performance of all stocks trading in the category of blue-chip stocks (here-

inafter called the "market" for short). Let ), be the monthly return on the ith stock in

the jth month, and m1 denote the weighted average of these returns during the jth month

for the entire market. A regression model would then be

lii:a1 +Bim1 +e;1

for i : 1,2 and j : 1,2,...,n. We now assume that E(.r) : 0, E(ezr,): o2ltt'
Ekf,1 : ozXzz, E(etj'ezj) : cz)uz, and E(eijeri : 0 with j + k, for all j : 1,2,

I : '1,2, 
and j,k : 1,2,...,n. Furthermore, we assume that for a given 6, the error

vectors t1 : G11,e2j)I , j : 1,2,...,n, are identically and independently distributed

according to Nz(O, O2A ). We also assume that O, a parameter representing monthly

fluctuations, is a random variable having an inverted gamma distribution (cf. Tnllner

1976). Then it can be shown that the densiry of (e4 : i:1,2, i - 1,2,...,n) is given

by a multivariate l-distribution which belongs to the model (1.1). For futher details the

reader is referred to Sutradhar and Ali (1986).

Mandelbrot (1963) and Fama (1965) suggested that observed "fat tails" of the rates

of return of common stock could be studied by using the symmetric stable distributions.

Once again these distributions form a subclass of the model (l.l).

2. THE RESULT

TuEonru. Consider the vector random variable X : 6I,XI,... ,Xf,1, wnere \ :
(Xti,Xz) is a nvo-dimensional random variable for i :1,2,-..'n, having a p.d.f. given

by (l.l). Then the p.d.f. of r is given by

^ n-2 .,.-t,l2tr- 
rzr,n-+tlz* ftf(rl: Tt 

(l - p")"' 
Jo

-)
(1 - prxY-l ,/t - *'

x"-2 dx

(2.r)
2n-3: --: - 

(l -p2 ln ttl2(l- r2\''o'l' *f C+az (n+a- t1-in_ 3)!nt'-t'' 
(r-l t ^ 

fd crt ' \ 2 )

for -l< r < l, where p +Xt?l JT]E.
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1,2 and j : 1,2,...,n, appliedProof. The transformatio, Z,j : (Xu - il|l,fl for i :
to (1.1) witUZ'f : (2ry,24), gives

f(zi, zL, ,1t- 
"(,)l 

,, 
ll-"'' r(T +(; ?)-'r) Q2)

It is readily verified that r is also given by r : aplr/a1ya72, where a12 : likri-
Z)(zz1 - Zz), au : D?(zr; - 2)2, and a22 : Di?zi - Z)2.

For the special model (2.2) it follows from Theorem 2.1 Equation (2.2) of Sutradhar
and Ali (1989) that the joint p.d.f. of a11,ap, Td ozz is given by

f (ar, atz, azz) : K(n)srn_r.zt (" (i I )-'(;;: :::))

* l, pl-"-t)/21o, nrrl'n-ot,'^lp Il lrl orrl

where gg-r,z) is determined by n and the form of g(.), and K(n) denotes a generic
normalizing constant. The transformation all : s?, an: rsr.r2, and a22: s22, having the
Jacobian (2sp2)2, yields the p.d.f. of .rl,s2, and r as

.f(sr, sz, r) : K(nXl - plytn-tt/zo - 72ln-e1'(r,rr)'-'

x Bo-r.zt (#;r,rl -zprs1s2*ri)),

where 0 ( J1 ( oo, 0<sz < oo, -l < r < l.
Next, the polar transformation sl : scos$, s2 : ssin$, and r : r followed by

integration over s gives the density of r and 0 as

f (r, 0): ,((nXl - uz;tn-t)lz(l - 727{"-t1121sin 20;'-2

" f ,b-3s(n-,,,(+f,') a"

To evaluate the above integral, let

I -orsin20 "st:u.
l-p"

so that
I - orsin20

-; J 2s ds: du,l-p" for r.r.;.
A simple calculation shows that

f(r,0): K(nXl - rzln-t\1211- r'),-ot|-j(JiI?fi,1-' (l -Prsin20)u-l

* 
Io* 

u^-2g1n-1,21(u) du, o . ,. ;.
Now/(r,0) is an even function of 0 centered at 0 : fi14, so that

f (r) :K(n)(l - Ozrtn-rt/z1t - ,211n-4rlz S"la - GinZe)"-1 . Or.
J, (l-Prsin20;n-r -"'
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JT _7'
Comparing this expression for f (r) with that of Cramer |9a6, p.398, Equation (29.7.2)1,

we immediately obtain K(n), so that f (r) is given by (2.1), and hence the theorem is

proved. Q.E.D.

A qualitative proof of the above theorem by the use of invariance principle is as

follows: Irt (& -e)/fr : t/t+pvy +1-t;'*t/1 -[V2i for i : 1,2, j :
1,2,..., n. Then from (1.1) it is readily verified that the 2n-dimensional random variable

(Vt,Vzz,. ..,Vt,,Vzt,. . .,Vu) is spherically distributed. It follows that IJii : V,illlvll
(where llyll' : D?=t D:t V]) tot i : 1,2, j : 1,2,. ..,n, is uniformly distributed on

the surface of 2n-dimensional unit sphere with center at the origin. Thus the joint density

of Ut,Uzz,...,Un,Uzt,.. .,Uzn does not depend on g(.). It is easy to check that r is a

function of Ui1 (i = 1,2, j : 1,2,...,n), namely

Finally, set sin20: x, so that

f (r) : K(n)(l - p\(n-1)12(l - ,2ln-$12 [' 
*"-' 

=lo (l - prx),-r

tr +pl f tur; - D)2 - (1 - ilD<uri - 0rl'

f, " lL'

f !f.n;,, 11_ D)+r/r - pturt - 0)12 f t.Z, *,, ri - It)- Jt - p<uri- rr))'I
LT,'J

and it follows that the density of r does not depend on g(-), and hence the theorem is

proved.
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