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ABSTRACT

A class of estimators for the trace of the scale matrix of the scale mixture of the
multivariate normal distributions has been considered. The estimation strategy has
been developed in the light ofa quadratic loss function. The conditions under which the
class of proposed estimators outperform the class of usual estimators have been derived.

1. INTRODUCTION

We consider the estimation of the trace of the scale matrix of the
scale mixture of the multivariate normal distributions. The
multivariate normal distribution and the multivariate f-distribution
are the two important special cases of the scale mixture of the
multivariate normal distributions. This class of distributions contains
thin tailed as well as fat tailed distributions and hence is important
in modeiiing rnany real world'data.

It may be mentioned that many authors have observed that the
empirical distributions of rates of return of common stocks have
somewhat fatter tails than that of the normal distribution. The
evidence provided by Mandelbrot (1963) and Fama (1965) suggests
that one could explicitly account ftri the ohserved fat tails by using
symmetric stable distributions. The multivariate t-distribution has
also fatter tails and can, therefore, characterize rates of return on
common stocks.

The estimation of the trace of the covariance matrix (scale
matrix) of multivariate normal distribution has been considered by
Olkin and Selliah (1977) under weighted squared error loss function.
Dey (1988) considers the estimation of the trace of the covariance
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matrix of the rnultivariate normal clistribution under a sqr-rared er.ror
Lr.qs ftiuction.

crnside. p-climensional (p > 2) ranclom vectors (not necessarily
inclepende,t,\ Xv xz,. ., x. having a joint probatrility de'sity f u.ction
(p.d.f.) gsiven by

l(r.,r, r:, ..., r,v) = i lfr *, 
i 
;,l(ri - e),(r2^)-,({, - r,

rvlrcre {, = {rU, tyzj, ...,:r.1r;)' is a p-dimensional column vector, 0 an
Lr;ri..noln vector of location parameters and A an unknown positive
drrf inite matrix of scale parameiers while fr.(t) is the p.cl.f . of a suitable
nondegenerate continuous randorn variable t with positive support.
The p.d.f. in (1.1) is theioint p.d.f. of Nvector. 

"u.h 
ha,ing a scale

matrix of' a multivariate normal distributions.
If t has the p.d.f. givcn by

tt(r) = - 
z1:') 

_,"*p l' - 3lllu/2)(2/u)''" ' \rt')
l.hen tI"r. p.d.f. in (1.1) defines a multivariate f-clistribution given by

ftr,{ ] i, . i (r, - e;,A-l tr, - erl 

u'+Nt)/2 

(r.z)ln lA''l'-./-.\er- , 
I

[ ./=' 
)

I

lhltl dt
I

'.....( 1.1)

rvliirrrr 1, = (.rt.,, ,\zi, ..., rr,)' is a p-dimensional column vcctor, e an
unknor,r'n velctor ol'location pararneters and A is an unknown positive
derfinite rnatrix of scale parameters while the scalar u is assumed to
be a krrowr: positive constant. The normalizing constant K(u,Np) is
{iven b5,

u /')^. .

K1u, Np1_ '''"l9llalzt
r('Y'l(.ui2\

As mentio,ed earlier. the <iistribution in (1.2) represents the
scale mixture oi'the multivariate normal clistributions ; it has been
cr.insidlred, irmong others, by zellner (1976) and sutradhar and Ali
, 19s6 i in the crrnre-xt of a sror:k market probiem, Dey (1990) and Singh
1991).

wer .ow propose a ciass oi' cstimatr.rrs for the trace o1'the scaie
illirtrix ol'the scale mixture of the multivariate norurai ciistributions.
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Let t\ = fr(A). In estimating ,5 by an estimator rt(A), where A is the
sample sum of product matrix, we consirier the lbllowing lnss function

L0u,A),5)=1iiiA7-d)r i 1.I-J I

rvheri.rirAi rs any estitnator of ,r(A). Tl'Ie risk functioti is iit:firrt'd as

rrstiai b,v tiri<.rng expectation orrer ihe ioss function i.e.

R(rr1A), 8) = /JiL,,,,O,, ,t,,.

irr ;.:;ti"t.icrrlar. consider the iiriloivirrg trvo classcs o1'urur-negative
r:stimlitlrs ot' b = /r(A)

clas,-.i ,,f ',rsrrrl estimators 5 --ci.r(A), i1.4)

class r-rt proposes estimators 3 = crtr(A) - czPl A l''", (1.5)

where c, is a known constant ancl c2 is u rlutlber such that 6 is trou.-

negative.
h'r tl-ris paper we^prove a clorninance theorern that the class of'

pr'0[)oii('il estinators 6 dominates the class of usutl cstimators 6 o[
,-,i: i,,'l .'\ r in tlte s+rnse of smaller risk i.e.

AA
Rt6, 5t = E(6 - 5)'< R(6, 6)= E(6 - 6)=.

2. SON,{EPRELIMINARIES

We now prove two lemmas on the cxpelctation of the Wishart
matrix based on a sample (not necessarily random) 1r0m Lhe scale

matrix of the multivariate normal distributions which will be rcrluired
in the sequel. It follows from (1.1) that

Alr-woln,rz1t),

rvhere for given t,W,,(n.,tzA; is the usual Wishart clistribution with

parameters n. =.N- - 1 anci t2A. ancl conseqr-tentlv, the p.cl.t. oI' the
Wishart matrix based on the scale mixture of the multivariate norural
model is given by

*,o, --i t tn 
fiii* ! )?-'* o*p i' - *,,(rl' nt'ei lr,rtdt, A > 0.

o - ),,1n/2) -\ z 
)

n > p (2.1)

where
P

r,,(a)= f\p-r)/4ll.i o-f,ti-r) l, or+' (2.2r

,=i [ , ) "
LEMIuA 2.1. Let the sum of prodtLct rnatrix iWi.sitnrt matrit) A
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Let t\ = fr(A). In estimating 6 by an ersttmaror rrtA), where A is the
sample sum of product matrix, rn e e onsicler the lollowing loss firnction

L(u(A),6)=1ru(Ar-d)' ( r.li )

rvhet' rriA) rs any estimator of ,r(A). The risk functioti :- ,-.it:finod irs
,rsti;ri b.v tai<rng expectation over the loss function i.e'

P(u(A), 6l = ElLt rrtA), 6)1.

irr ;,iart.icrrIar, conside,r the ioiIoilrug ttvo classes ol'nrur-n<:gative
r..stitt:ritrrt's o{ D = fi'rr\ ,)

clas.s ,.,f '.rsr.rnl estimators 5 = crli'(A),

class of proposes estimatols 6 = crtr(A) - ctpl A l''", (1.5)

where c, is a known constant ancl c2 is u nunrber such that 3 is non-
negative.

hi this paper we^prove a dorninance theorem that the clzrss of
llr'opoi;r'li estiurators 6 dominates the class of' usual r:stimators E of
ri = li'l .\ r in tlle scrnse of smaller risk i.e.

AA
ntS, ,:t = E(5'- 6)! < R(5, 6t = E(5.- 6)2.

2. SONIE PRELIMINARIES

We now prove two lemmas on the cxpcctation of thc Wishart.;
matrix based on a sample (not necessarily random) liorn the scalei
matrix of the multivariate normal distributions which will be rcrluired
in the sequel. It follows from (1.1) that

A lt- woln,.c2/r),

rvhere for givert r,Wt,(rl,t2rt; is the usual Wisl-rart clistribution with
parameters n = l/ - 1 anci t2A, anci. conseqnently, the p.cl.t. of' the
Wishart matrix based on the scale mixture of the nultivariate normal
model is given by

i1.4)

(9)i

m(A\ =\ I rn I _': ]) ,\::::"*o 
| _

; 2"orrl,,\n/2) , 
l,

where

f, tr11r' ns'e) I nr.ra., A > o,
/

n>p Q.l)

P

r,,(cx) = r,w-1')/411 t 
I o -f, ti- r, ], r, +i=l \ - )

Lnuue 2.L. Let the sum of prod.uct matrix iWisiru;t matrix) A
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haue the p.d.f. giuen by (2.L). Then the rth moment of I A I is giuen
by

EU A l,') = zo,'',yL',!^2 I t f' E6zr,1.f o(n/2)
Pnoor'. If A - W(n, Ir), it is well known (see for example

Muirhead, 1986) that

E.U A l\ =zo"'*l',!-'), n t'P\r | ' lo@/2) '" 
I

where 8,, is the expectation over usual wishart ::natrix. Hence it
follows that for any integer r

E(l A l'')=ElE,u( la l\l tll

= nl zo,'1,(n/2 
+ r) 

t ,r,r r ,. I-"L' fr(n/2)'"''-l
- *,lo@/2 + r)=r' ],1rff | L 1.E6zo') tr

Lnuivre 2.2. Consider the p.d.f. giuen by (2.1). Then for any real
number k satisfving n + 2k >_ 0, the following result hotd :

Ell A l%1= zkp 1ru+rbffi# I ^ lo^ E(rzkt-2 ,.

Pnoor. Since A I r - Wo(n, dA; where 12 - G1u /2,2/u), it follows
from Dey (1988, p. 140) that for any real number ft

Ett A'. 
^==:7;:i).!ii,'+#r 

.,n r.(,,^, 
]

zk|1n+ru)W#l 
^ lft 

^DG2he*2). 
.

3. THE MAIN RESULTS

Tnponnu 3.1. consider the scale mixture\ of the multiuariate
normal distributions giuen by (l.l). Then with respectnto the loss
function giuen by (1-3) th9 class of proposed, estimarors b' defined by
(1.5) dominates ouer the class of usual estimatars 8 d,eyined, by (1.4) in
the sense of smaller risk for q,ny c2 satisfying any of the foilowing two
conditions :

l. For a giuen c, satisfying
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8ft2\ Dcr <ffi;*(i.e.d" <0),

c2 satisfies d* <cr<O

d.,, =( ". 
np + 2 

- E@\roi;,-tz + ttp)

[' p E(4))fo@/z+2/p)

(3.1)

(3.2)

2. For a giuen c, satisfying

,,,ffi;;r1i.e. d* > 01,

cz satisfies 0<cr<d* (3.3)

where d* is given by (8.2).

Pnoor. Let D(A, cd = R(8, 5 ; cz) - R(5, S). Then it is easy to show
that

Hence by virtue of

8, = {5- czp I A lrtf =gz

we have

D(/t,c)={-Zr*E I A lt'o +"7p' I A l,,o -2(-czp 1a ;1/pyr1,,ry]

= e 4-2crc, I A l"otr(A) + c2,rp I A l,ro + 2c, I e l/etr16)
It then follows from Lemma 2.1 and Lemma Z.Z that

D(A.,c)=-zc1c2t 
lt,*2/p)E(r4)W I n |,, n]

. r,,lral\fi{4 1,r I 
vr] rrr,tr

* "yf+a on,, 
\!+;;#D I n r,,)

=*,pno\##*

D(tt, cr)= 4,$ - 6)2 - rS - ay] = 48, - S, - z16'- Sl u]

l"o +"3t' I A
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..[f .. ,p +, -r#)rp\n/2. rr0,1ffi,., czru(rt;z+ztpt-i/\ I r 
- 

(-i

Ll.'p
Her-rce

1,,(n/2+2/p) ,).^_ ^ ( tr(A/o\.")D(tt,.cz)=+p" ySrn- I A l"'Elt"lcrlrr-i;f,,0', (3.4)

where rl" is given by (3.2). 
^. _

As stated carlier, irr old.-:r tha-t 5 dominates d it is necessary and
sufficient that D(A, r.r.,) < 0. Horvever, l)i ,t,,'.,i - (l if and only if

t1_t/t/p) d. <c.< 0- or 0 < c,, < lrJ.tPL 4
I tt' 1"'* 

-':j - "' '' - 
i n l''' 

* '

The above conditions involve fr(A) and I A I rvhicir are unl"tiorl'n
qtrarrtities. Now let \r,\r,...,6, be the characteristic roots ot'A. Then

tr(lt/p):(€r+ \z+...\)/n and. I L l"n =(ErEz...\,,)"'.It then follows

from the well-known inequality between arithmetic mean and
geometric mean that trg)il= j l, t"". H"rr.u 6 dominate* 5 ir
d* ."r< 0, or O <cz<d"'. This means that

d'' < o if and only if 
", 

. #* ;;:* 2,Lt, t

fr, 
l)

while d. > 0 if and onl1 if ,, ,lSl I 
.;- E(,'1 ttlt + 7

Hence the class of proposed estimators 6 clor.lrinrrtes the class of'
usual estimators 5 if ", satisfies the conrlitions rnerrtioned in tl"rcr

theorem. Thus the theorem is proved. tr

It may be remarked that for the case when

Eftz\ D

",ir6;;*2,
we have d* =0.In this case it is seen from^(3.4) that D(A,c2)20 so

that there exists no proposed estimator 5 dorninating the usual
estimator 5. Ho*"r"t , D(L, cz) = g only if c: = 0 in rvhich case the two
estimators coincide.

We now look for narrower range of c, (compared to the range of
c, obtained in Theorem 3.1) in which the risk of the class of proposeci

estimators will be much lower than that of thr: class of usuai
estimators. It is seen from (3.4) that for given A, the Risk Difl'erence
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D(/t, c) is a polynomial of degree 2 in cr, and it is minimized at

"- _ tr(A,/p\ d.''z 
I .l ll'u 2

Norv by virtue of the rnequality between arithmetic mean and
geometric mean.of the characteristic roots of A, it follorvs that thrr
optimal vah,re of c2 satisfies the following conditions :

d".rr<d',/z if d"< 0 (3.5)

and

d" /2 < "z<d' if d. > O. (3.6)

In the light of the above results we have the following version of
Theorem 3.1 namowing clown the range of c".

THroRrtvt 3.2. Consider the sca.le nrixture of the ntu.ltiuarirde
normn,L distributions giuen by (1.1). Then Luith respectnto tlw loss

fun.cti,on giuen by {1.3) the class of proposed. estintators 6 defined bt
(1.5) dontinates ouer the clas< of usual estinlo.tors 6 defincd bv (1.4) in
the sense of smaller rish for q,n:y c2 satisfying any of the foLlou;ittg ttuo

conditions :

7. For a giuen c, satisfying
_..)

,.,.b4*-"- (i.c. d' <01,' E(tn) ttP + 2 '

c, satisfres d" <c,<d'/2 where d."' is giuen by (3.il.

2. For a giuen c, satisfying

".,Eg -P^(i.e.d"'>o),' E(t")nP+2'
c, satisfies d"/2<cz1d* where d. is defined by (3.21.
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