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Abstract. The problem of estimation of the scale matrix of a class of elliptical
distributions is considered. We propose an improved class of estimators for
scale matrix. The exact forms of the risk functions are derived as well. The
relative merits of the class of improved estimators to the usual one are ap-
praised in the light of a quadratic loss function. The conditions under which
the class of proposed estimators outperform the class of usual estimators are
obtained. Relative Risk is also computed for a special case. Some important
characteristics of scale matrix are also considered for estimation.
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1 Introduction

In this paper we consider the estimation of the scale matrix of a class of
elliptical distributions. The multivariate normal distribution and the multi-
variate z-distribution are the two important special cases of the class of ellip-
tical distributions.

This class of distributions contains thin tailed as well as fat tailed distri-
butions and hence is important in modeling many real data. It may be men-
tioned here that several authors have observed that the empirical distributions
of rates of return of common stocks have somewhat fatter tails than that of
the normal distribution. The multivariate z-distribution has also fatter tail and
can, therefore, characterize rates of return on common stocks.

The estimation of the scale matrix of the multivariate normal distribution
was considered by Olkin and Selliah (1977) under a weighted squared error
loss function. Joarder (1995) considered the estimation of the scale matrix of
the multivariate ¢-distribution under a squared error loss function. Since the
class of elliptical distributions accommodates multivariate normal as well as
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multivariate 7-distribution, we feel it is important to generalize the estimation
strategy for the class of elliptical distributions given by

Jm [ exp( Lm0y (@22) (x 0))h( )d (L1)
S — = — T — T T. .

o (2n)"? 2

Here x = (x1,X2,...,X,) is a p (>2)-dimensional column vector, 6 an un-

known vector of location parameters and 2 an unknown positive definite
matrix of scale parameters while /(7) is the probability density function
(p.d.f.) of a non-discrete (degenerate or continuous) random variable 7. Many
distributions having p.d.f. constant on the hyper-ellipse

(x—0)27'(x-0)=c?

may be generated by varying /(7) and hence these distributions are known as
elliptical distributions.

The density in (1.1) is the joint p.d.f. of a class of elliptical distributions. It
is also known as compound normal distributions or scale mixture of normal
distributions. The above distribution has a mean vector 0 = (0,0,,...,0,)’
and covariance matrix 7,2 where 7, = E(z?) > 0 is assumed to be known,
whenever it exists.

In this paper we consider the estimation of 2 its trace and its inverse under
suitable quadratic loss functions. The rest of the paper is organized as follows.
Section 2 proposes the estimators of X. The expressions for the risk of the
estimators are provided in section 3. The properties of the class of proposed
estimators and its comparison with the usual estimator are also given in the
same section. An analysis of relative risk is presented in section 4. Some im-
portant characteristics of the scale matrix are also considered for estimation in
section 5.

2 The proposed estimation strategy

Let the p-dimensional (p > 2) random vectors (not necessarily independent)
X1,X,, ..., Xy have the joint probability density function (p.d.f.)

J-oc |,L_22|7N/2

1 X 1r 2 yn\—1

T exp( . Z(x 0) () (x, e)) h(z) de (2.1)
where x; = (x17, X, .-.,%,),j=1,2,..., N is a p-dimensional column vector,
6 an unknown vector of location parameters and 2 an unknown positive
definite matrix of scale parameters. The observations Xi, X»,..., Xy are in-
dependent only if 7 is degenerate at the point unity in which case the joint
p.d.f. in (2.1) denotes the p.d.f. of the product of N independent multivariate
normal distributions each being N, (6, X). Further, if v/7? has a y2 distribution,
then the p.d.f. in (2.1) defines a joint multivariate ¢-distribution of X7, X5 ...,
Xy each having mean vector 0 and the covariance matrix X, = vX'/(v — 2).
The joint multivariate t-distribution has been considered, among others, by
Zellner (1976), Sutradhar and Ali (1989) and Joarder and Ahmed (1996).
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The scale matrix X is usually estimated, especially in the multivariate nor-
mal case (a special case of the model in (1.1)), by multiples of the sample sum
of product matrix 4. For example an unbiased estimator of 2 for the model
in (1.1) when v/t ~ y2? is given by (v —2)4/(vn), n = N — 1 (Anderson and
Fang, 1990, p. 208).

The maximum likelihood estimation of 2 was studied by Anderson, Fang
and Hsu (1986) when (X, Xa,...,Xy) follows a broader class of elliptical
distributions than (1.1). In our case the maximum likelihood estimator is given
by A/N (Anderson and Fang, 1990, p. 205). However, the most important
properties of maximum likelihood estimators follows from the usual assump-
tion of independence of sample observations which is not necessarily true in
model (1.1). Therefore an alternative method of estimation is considered
here following Dey (1988) who developed simultaneous estimators of the
eigenvalues of the covariance matrix of the multivariate normal distribution
by shrinking sample eigenvalues towards their geometric mean.

We now propose a class of estimators for the scale matrix of a class of
elliptical distributions having joint p.d.f. given by (2.1). In particular, we
consider the following two classes of estimators of 2.

2.1 Class of usual estimators

First, let us define the sample sum of product matrix

N
A=) (X - X)X~ X),
j=1

where X = (X1, X,,...,X,) and X; = Z]ll)(,j/N, i=1,2,...,p. The class
of usual estimators (CUE) of X denoted by X is

2= C()A,

where ¢ is a fixed positive constant.

2.2 Class of improved estimators

We propose a class of improved estimators (CIE) of X denoted by 2 and is
given by

2 =cod —c|la|'"1,
where ¢ is chosen such that 2 is positive definite and 7 is an identity matrix.
Let 2* be any estimator of 2. To appraise the statistical properties of
estimators, we explore a quadratic loss function:

L(2*,2) = u[(Z* - 2)7. (2.2)

In estimating X' by 2, the risk function is defined as usual by taking expec-
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tation over the loss function, i.e.,
R(X* 2)=EL (X" 2). (2.3)

An estimator X' is said to dominate another estimator X if, R(2*;2) <
R(2°;2) for all 2. If] in addition, R(2*;2) < R(2°;2) for at least some X,
then 2* strictly dominates 2.

In the light of the above definition, we prove a dominance theorem that the
class of proposed estimators 2’ of 2 dominates the class of usual estimators 2
of 2 in the sense of having smaller risk i.e.

R(2,2) = E[tr(2 — 2)’] < R(Z,X) = E[tr(2 — 2)7].

We now sketch proofs of three important lemmas that will be required in
the sequel. These lemmas are generalizations of some lemmas of Joarder and
Ali (1992) and Joarder (1998). It follows from (1.1) that X[t ~ N, (0, t>%) and
consequently from (2.1)

Alt ~ W ,(n,7?%), n=N-1 (2.4)

i.e. for given 7, the random matrix A has the usual Wishart distribution with
parameters n and t2X. Thus, the p.d.f. of the Wishart matrix based on the
class of elliptical distributions in (2.1) is given by

0 T22|*'1/2 A|(=p=1)/2 1 B
m(A) = L | . /2} (|n e {_Ezr((fzz) 1A)} Woyds,  (2.5)
P
where A > 0, n > p and
p—1
Iy(o) = n?? /4HF<oc—— 1—1)> > (2.6)

Lemma 2.1. Let the sum of products matrix ( Wishart matrix) A have the p.d.f.
given by (2.5). Then the rth moment of |A| is given by

I'y(n/2+r)

E(A1) = 2 15

where r is any real number and y,,, = E(t*") > 0 (assumed to exist).

Proof. 1t follows from the mixture representation in (2.4) and Muirhead (1986)
that for any integer r

L2405

r r Lp(n/2+
E(|4]) = E[E(|4]"[7)] = E|2° F(

/2)

and hence the proof.
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Lemma 2.2. Consider the p.d.f. given by (2.5). Then for any real number k

satisfying n+ 2k >0 and yy,,., = E(t*7%2) > 0 (assumed to exist), the fol-
lowing result holds.

! I'y(n/2+k)
kg1 — »kp )4 k
E{A1 A = 270+ 20 T2

Proof. Since A|t ~ W p(n, 723, it follows from Dey (1988, p. 140) that for any
real number k

Iy(n/2+k)

ElAIA) = ELE(AV"Al)] = | 2900 4+20) 50

E2ANCD)

and hence the proof.

Lemma 2.3. Let A have the p.d.f. given by (2.5). Then we have
E[(rd)*] = ny,[n(tr £)* + 2 r(Z?)]

provided y, = E(t*) exists.

Proof. It follows from Anderson (1958, p. 161) that for Wishart matrix 4 =
((aix)) we have

E(ajai|t) = n2(r2a,-,-)(r2akk) + 2n(r20,~k)2 (i,k=1,2,....p)

so that
5 p P P
Elr 4 = S E@)+2 > 3 Elaaw)
i=1 i(<k)=1 k=1
P
= 14{n2205+2n202
i=1 i=1

Rearranging, we have
E[(rr A)?7] = n?(1r P 2)? + 2n1r(22)%.

Recalling the mixture representation of the Wishart matrix given by (2.5), we
have

E[(rr A)?] = E[E[(tr A)*|7]] = E[n*(tr 7°2)* + 2n tr(*2)?]

and the proof then follows.
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3 Main results

In the following theorem we prove that the class of proposed estimators of the
scale matrix of a class of elliptical distributions dominates the class of usual
estimators under certain conditions.

Theorem 3.1. Consider the class of elliptical distributions given by (2.1). Then
with respect to the loss function given by (2.2) the class of proposed estimators

2’ dominates the class of usual estimators X, for any c satisfying

d<c<0

B np+2 I',(n/2+1/p) B
whered-(co ) _y>Fp(n/2+2/p)’ n=N-1 (3.1)

with ¢y < nppi ok

or, 0<c<d
where d is given by (3.1) with ¢ > py/(np +2) and y by
Y="72/v4 v =E(T), i=1,23,4 (assumed to exist). (3.2)
Proof. Let D(X,¢) = R(Z,X;¢) — R(Z, X). Then it is easy to show that
D(Z,¢) = E[zr(f - u(E - 2)2} = Eu[E2- 3225 - 5)5]
_ E[—ZCC0|A|]/FZV(A) + 2p|A]? + 2¢|4] l/ptr(Z)} .

It then follows from Lemma 2.1 and Lemma 2.2 that

\Z|2/”
I (n/2)

x [(—CO P2y ) a2/ ’E{/f ) +rp<n/2+z/p>c]

gy, T2 42/D) < _r(Z/p) d) (33)

D(X,¢c) =4py, =7

Ip(n/2) | x| P
where d is given by (3.1) and y, by (3.2). But this is equivalent to the equation

(2.9) of Joarder and Ahmed (1996) and hence following arguments therein we
find that 2 dominates X if d < ¢ < 0 or 0 < ¢ < d. However,

d < 0if and only if ¢y < py/(np +2)

while d > 0 if and only if ¢y > py/(np + 2).
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Hence the class of proposed estimators 2 dominates the class of usual esti-
mators 2 if ¢ satisfies the conditions mentioned in the theorem. Thus the
theorem is proved.

It may be remarked that for the case when ¢y = py/(np +2), we have
d = 0. In this case it is seen from (3.3) that D(X, ¢) > 0 so that there exists no
proposed estimator 2’ dominating the usual estimator 2. However, D(X, ¢) =
0 only if ¢ = 0 in which case the two estimators do coincide.

We now find explicit expressions for the risk functions of the class of usual
estimators and the class of proposed estimators of the scale matrix of the class
of elliptical distributions.

Theorem 3.2. The risk function of the class of proposed estimators X, and the
class of usual estimators X, are respectively given by

R(S,Z;c) :4py41W4‘2/m|2|2/pc<c_w(Z/m d)

Iy(n/2) |z| /P
+[1 + neoyg(co(n+ 1) = 29)] tr(22) + nely, (ir 2)?, (3.4)
and
R(Z,2) = [1 + neoya(co(n + 1) = 29)] 1r(Z?) + nc2yy(r )7, (3.5)

where d is given by (3.1) while y and y, are given by (3.2).

Proof. The risk function of the class of usual estimators is

R(Z, %) = E[tr(2 — 2)%] = QE[tr(A?)] — 2¢0 tr(ZE(A)) 4 tr(2?)
= yE[E[tr(A%|7)]] — 2¢o tr[ZE(E(A|7))] + tr(Z?)
= ncZE(tH)[(n + 1) tr(Z?) + (r 2)%] = 2ncoE(?) 1r(2?) + r(Z?)
= tr(Z?)[1 + neoyy((n + 1)co — 29)] + nc§y4(tr2)2
where the second moment of usual Wishart matrix is used from Srivastava

and Khatri (1979, p. 99). The risk function of the class of proposed estimators
is given by

R(Z,Z;¢)=D(Z,¢c)+ R(Z,X)
where D(X, ¢) and R(f, 2) are given by (3.3) and (3.5). This completes the

proof.

4 Relative risk analysis

To compare the risks of the two classes of estimators 2 and X, we use the
relative risk (RR) defined by
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RR(ZA:E;C)—% 4.1

where 0 < RR(X : Z;¢) < 1 for the choices of ¢ given by Theorem 3.1. The
RR in relation (4.1) is a parabola in ¢. Theorem 3.1 provides a range of values
of ¢ where the proposed estimator dominates the usual estimator. Thus,
we have a problem of minimization of parabola in ¢ on restricted sets
{c:d < c<0}or{c:0<c< d}. However, neither of these two sets is closed
and consequently we do not have unique solution for ¢. Note that the un-
restricted minimization occurs at

but this is not usable in practice since 2 is unknown.
In Figure 1, we plot the RR against ¢. For computational sake we assumed
that v/72 in (2.1) has a y? distribution so that the p.d.f. in (2.1) defines a joint

multivariate ¢-distribution. We have also assumed that n =10, v=15, ¢y =
1/(n+1) and

30 12 7
=12 8 3
7 3 4

For this special case, it follows from Theorem 3.1 that

0<¢<0.141737 (=d) (4.2)

25

2 4

1.5
-
05

4;.2 4)'.1 o o1 02 03 04 05
c

Fig. 1. Relative risk for p =3, n=10,v=5



Estimation of the scale matrix 157

Note that since 2 is assumed to be known, we can check that ¢,, = 0.16288445
which is near d. On the other hand, when X is unknown one may choose a
value of ¢ closer to d keeping in mind that there is no way one can compare
this with ¢,,.

Many heavier-tailed elliptical distributions may be generated by varying
h(t) in (2.1). The estimation strategy developed in this paper is true for the
entire class of elliptical distributions defined by (2.1). The above method
is applied to the estimation of different characteristics of scale matrix in the
following section.

5 Estimation of some characteristics of the scale matrix

In the above sections we developed estimation strategies for the scale matrix
of the class of elliptical distributions given by (1.1). Estimation methods for
some important characteristics of scale matrix are sketched below.

5.1 Estimation of the trace of scale matrix

Consider the estimation of the trace of scale matrix i.e. 6 = rr2 with the
quadratic loss function:

2L (u(4),0) = tr{(u(4) — 6)’] (5.1)

where u(A4) is any suitable estimator of J. In estimating 6 by u(A), the risk
function is defined as usual by taking expectation over the loss function, i.e.,

R(u(A),0) = EZL(u(A),9). (5.2)
Let the usual and the proposed estimators be d = ¢, ir A and S=cotrdA—

cplA| lp respectively, where ¢, is a fixed positive number and ¢ is such that the
proposed estimator is positive. The risk difference of the estimators is

D(6,¢) = E[(6 —0)> — (6 — )7 (5.3)
= E[6* — 6% —2(6 —)d]. (5.4)
But
0 = (6 —cplal'?)
=" = 20ep|A|'" + A"
so that

D@,¢) = ~2p EG1A"") + p*E (41”7 + 2ep E(614])

which is p times D(X, ¢) given by relation (3.3). Thus, the dominance picture is
established. By the use of Lemma 2.3, the risk function of the usual estimator
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is seen to be
R(5,0) = c2E[(tr A)?] — 2¢oE[tr A]0 + 6*
= [nco(ncoyy — 295) + 1)0% + 2ncdy, tr(Z?). (5.5)
The risk function R(5,6; ¢) of the proposed estimator is then given by
R(5,0;¢) = D, ¢) + R(5,0)

where D (0, c) = pD(X, ¢) given by (3.3).

5.2 Estimation of inverted scale matrix

Next consider the estimation of inverted scale matrix ¥ = >~! with the qua-
dratic loss function:

L(u(4), V) = trl(u(4) - ¥)*] (5.6)

where u(A) is any suitable estimator of ¥. In estimating ¥ by u(A), the risk
function is defined as usual by taking expectation over the loss function, i.e.,

R(u(A), ¥) = EZ(u(A), ). (5.7)

Let the usual estimator and the proposed estimators be denoted by ¥ =
c,A~" and

W =cod" — |4 PI

respectively, where ¢ is a fixed positive number and c is such that the proposed
estimator is positive definite.

Theorem 5.1. Consider the class of elliptical distributions given by (2.1). Then
with respect to the loss function given by (5.4) the class of proposed estimators

¥ dominates the class of usual estimators ¥, for any ¢ satisfying

d<c<0

¢ Y2\ Lp(n/2—1/p)
whered =4 —F———— "= +—F————"—2 n=N-1
<n -2/p—-p—1 y4> I'y(n/2—2/p)

with ¢, < (n—2/p—p—1)E
—4

or, 0<c<d,

where d is given by (5.6) with
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co>(n—2/p—p—1)=2
V-4

and vy; is defined by (3.2).
Proof. Let D(¥,¢) = R(¥,¥;c) — R(¥, ¥). Then it is easy to show that
D(¥,c) = E[n(sif ) (P y')z} - Etr[siﬂ P tif)yf}
- E[_zcoqArl/f’zr(A—‘) + 2plA| T 4 2e| A P yf].

It follows from Lemma 2.1 and a result of Dey (1988, p. 141) that

D(¥,¢) = —2¢,c {n - 2;1 o F"(Z?nz;)/”) PR wh}
o )
oy {21 I, (Iné ?}JZI)/ p) | g lPV_z}
rprt o2t

where d is given by (5.6) and y; by (3.2). But the risk difference in (5.7) is
similar to (3.3) and the rest of the proof is obvious from Theorem 3.1.

6 Conclusion

The present paper is based on a paper by Joarder and Ahmed (1996) who did
not derive expressions for the risk functions of estimators. This paper finds
expressions for the exact risk functions of the estimators of scale matrix for a
broader class of elliptical distributions. Moreover the estimation of some
characteristics of scale matrix has been discussed.
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