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CLASSROOM NOTE

Shorter variation of standard deviation for small sample

M. Forhad Hossain,a Mian Arif Shams Adnana∗ and A.H. Joarderb

aDepartment of Statistics, Jahangirnagar University, Dhaka 1342, Bangladesh; bDepartment of
Mathematics and Statistics, King Fahd University of Petroleum and Minerals, Dhahran 31261,

Saudi Arabia

(Received 10 March 2013)

The present study ensembles the variation of standard deviation in terms of range
for small sample. Smaller ranges having minimum upper limit of the sample standard
deviation and sample mean deviation have been found. A comparative study is conducted
between their dispersions and evaluated by a couple of examples.

Keywords: mean deviation measured from median; range

1. Introduction

The measure of dispersion is one of the fundamental concepts for the readers of statistics.

Unfortunately, the available inequality (as for example, Bhattacharya inequality) for ex-

plaining the variation of the measure of dispersion, like sample standard deviation, may be

hard enough to understand especially for non-statisticians. Moreover, from the statistical

point of view, some questions are unavoidable, which are as follows: (1) does the inequality

provide the shorter variation of the sample standard deviation?, (2) is it possible to suggest

a relatively more shorter range for the sample standard deviation? and (3) can the shorter

range be easily grabbed by the users from various disciplines? A naı̈ve range for the mea-

sure of dispersion may be an innovative alternative to the present statistics more simply to

the multi-disciplinary readers. The determination of standard deviation for small sample

is studied by authors like Joarder,[3–6] McLeod and Henderson,[7] Petocz,[8] Shiffler and

Harsha,[9] and Thomson.[10] This study aims to suggest relatively smaller range of some

dispersion measures.

2. Preliminaries

Mcleod and Henderso,[7] Thompson,[10] and Joarder and Latiff [6] derived the lower

bound for standard deviation such as

s ≥
d

√

2(n − 1)
, (1)

where s and d stand for standard deviation and range of all the sample observations,

respectively. For a sample of size 3, consisting of 0, a, ka (since variance does not depend
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on the location), Corucher [1] has shown that

s2 =
d2

3

[

1 −
1

k
+

1

k2

]

known as Croucher conjecture based on the three samples and true for k = 1 such that

s ≤ d√
3

≈ 0.577d.

For di to be the successive difference between the (i + 1)th largest observation and

the ith largest observation in a sample of size 4, Joarder and Latif [6] presented sample

standard deviation for that sample as

s
2 =

1

4 (4 − 1)

[

d
2
1 + d

2
2 + d

2
3 + (d1 + d2)2 + (d2 + d3)2 + (d1 + d2 + d3)2

]

.

With an aim of finding the possible lower range, let us consider a sample of size 4 such as

0, a, ka, 2ka where d1 = a, d2 = ka − a, d3 = ka, d = 2ka.Therefore, s can be written (in

Equation (A1)) as

s =
d

4
√

3

√

11 −
6

k
+

3

k2
such that s ≤ 0.4787d for k ≥ 1.

Similarly, for a sample of size 5, let 0, a, ka, 2ka and 3ka be the observations for which

(from Equation (A2))

s =
d

3
√

10

√

17 −
6

k
+

2

k2
iff s ≤ 0.4346d for k ≥ 1.

Now if we consider the data (60, 65, 70, 80) then by the change of the location parameter

60 (since variance does not depend on the change of location) we can rewrite the data as

0, 5, 10, 20 that is, 0, a, ka, 2ka where k = 2, a = 5 and s can be written (from Equation

(A3)) as

s ≤ 0.426956d for k = 1.

Again, for the data set (60, 65, 70, 80, 90) after the shift of the location the data set for

estimating sample variance can be thought 0, 5, 10, 20, 30 or 0, a, ka, 2ka, 3ka where

k = 2, a = 5 and s can be similarly written (from Equation (A4)) as

s ≤ 0.4014d for k = 1.

3. Main results

Since the measure of central value using mean is not always usable, especially when

the data set contains some extreme values or is asymmetric, the mean does not represent

the right central value of the distribution. On the other hand, median always represents

the central value of a data set or a distribution. This is why some authors, nowadays,

emphasize on median rather mean to measure the location. In such a case, the dispersions

of the observations are suggested to be measured by mean deviation from median (md)
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in lieu of standard deviation,[11] as md is less than standard deviation or any other type

of measure of dispersion. Moreover, in these days of computer, the calculation of md

is not a difficult task. Therefore, we are using md for measuring scatterness and will

present some inequalities based on the range of the data set to compare standard deviation

to md.

Let the sample size (n) is 3 and x1, x2 and x3 are ordered data. Now if m refers to the

median, then md will (from Equation (A5)) be

md =
1

n

n
∑

i=1

|xi − m| =
1

3
[|x1 − m| + |x2 − m| + |x3 − m|] =

1

3
d ∀ md ≤ 0.33d,

whereas from Croucher [1] conjecture it was obtained that

s ≤
d

√
3

=
3md
√

3
∀ s ≤

√
3md.

Now for any data set x1, x2, . . . , xnif n is odd, then (from Equation (A6))

md ≤
d

2

(

1 −
1

n

)

.

Combining the aforementioned two successive inequalities, another inequality can be

written as follows:

d

3
= md ≤

d

2

(

1 −
1

n

)

. (2)

That is, md cannot exceed 50% of the range of the data set and is not less than one-third

( 1
3

= 33.33%) of the range of the data for any type (or any odd size) of the data set (or

distribution).

4. Comparison

Now for evaluating the upper limit (in terms of range of the data) of the md, a typ-

ically distributed data set will be considered for checking whether the upper range

reduce substantially from 50% of d. As for an example, if we have a sample of

size n ( = 9), md ≤ 0.3125d
(

1 − 1
n

)

if the data are symmetric (from Equation (A7));

md ≤ 0.280dif uniform; md ≤ 0.203d
(

1 − 1
n

)

= 0.107d if uniformly symmetric con-

sistent; md ≤ 0.107d
(

1 − 1
n

)

= 0.105d if uniformly symmetric more consistent; md ≤
0.11d

(

1 − 1
n

)

= 0.098d if normal; md ≤ 0.2d
(

1 − 1
n

)

= 0.178d if positively skewed;

andmd ≤ 0.1d
(

1 − 1
n

)

= 0.089d if extremely negatively skewed, which (the coefficients

of the range ‘d’ in the upper range of md) are much more smaller than the results we

obtain for standard deviation (s ≤ 0.577d)from Croucher conjecture (2004). Similar types

of results may also be possible to obtain from any type of data set of size of even number.

Now for another inquiry of odd number sample size, let us have a sample

of size n = 5 for which md ≤ 3
8
d

(

1 − 1
n

)

= 0.300d if the data set is uniform;

md ≤ 9
32

d
(

1 − 1
n

)

= 0.230d if uniformly symmetric consistent; md ≤ 17
64

d
(

1 − 1
n

)

=
0.210d if uniformly symmetric more consistent; md ≤ 5

16
d

(

1 − 1
n

)

= 0.250d if normal
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of symmetric; md ≤ 9
32

d
(

1 − 1
n

)

= 0.225d if positively skewed; md ≤ 33
128

d
(

1 − 1
n

)

=
0.206d if extremely negatively skewed. Still for any sample of small size, the md has a

lower upper limit than that for standard deviation.

Finally, the limits of the sample md and sample standard deviation (s) in terms of the

sample range (d) can be notified, respectively, as follows:

d

n
≤ md ≤

d

2
,

d
√

2n
≤ sd ≤ d.

From the above relation (in terms of the range), this is evident that the interval of sample

standard deviation is not smaller than that of md of the data set.

5. Conclusion

Dispersion is a very basic statistic for any data set. Maximum statistical tools depend on

dispersion measure as well as its variation. Variation of the dispersion measure might not

be instantly accessible. In this circumstance, the range-based variation of the dispersion

measure can be very simple expression for assessing the measure of dispersion and its

fluctuation.
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Appendix

s
2 =

1

4 (4 − 1)

[

d
2
1 + d

2
2 + d

2
3 + (d1 + d2)2 + (d2 + d3)2 + (d1 + d2 + d3)2

]

=
1

12

[

a2 + a2 (k − 1)2 + a2k2 + a2k2 + a2 (2k − 1)2 + (2ak)2
]

= a2
[

3 − 6k + 11k2
]

=
d2

48

[

11 −
6

k
+

3

k2

]

. (A1)
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d1 = a, d2 = a (k − 1) , d3 = ka, d4 = ka, d = 3ka;

s2 =
1

5(5 − 1)

[

d2
1 + d2

2 + d2
3 + d2

4 + (d1 + d2)2 + (d2 + d3)2 + (d3 + d4)2

+(d1 + d2 + d3)2 + (d2 + d3 + d4)2 + d2

]

=
1

5 (5 − 1)

[

a2 + a2 (k − 1)2 + k2a2 + k2a2 + k2a2 + a2 (2k − 1)2 + (2ak)2

+ (2ka)2 + a2 (3k − 1)2 + (3ka)2

]

=
a2

20

[

34k2 − 12k + 4
]

=
1

10
.
d2

9

[

17 −
6

k
+

2

k2

]

. (A2)

Using Equation (A1), we get

s
2 =

d2

48

[

11 −
6

k
+

3

k2

]

= 0.182292d
2
. (A3)

Using Equation (A2), we get

s
2 =

1

10
.
d2

9

[

17 −
6

k
+

2

k2

]

= 0.161111d2
. (A4)

For the ordered data x1, x2, x3; median (m) is x2, range (d) is x3 − x1 and |x1 − x2| = d1,

|x3 − x2| = d2.

Therefore, md =
1

3
[|x1 − x2| + |x2 − x2| + |x3 − x2|] = d1 + d2 =

d

3
. (A5)

For the data set since n is odd, the median (m) is the
xn+1

2
th observation and there are (n−1)

non-negative d ′
is where

∣

∣

∣
x1 − x( n+1

2 )

∣

∣

∣
= d1,

∣

∣

∣
x2 − x( n+1

2 )

∣

∣

∣
= d2, . . . ,

∣

∣

∣
x( n+1

2 ) − x( n+1
2 )

∣

∣

∣
= 0, . . . ,

∣

∣

∣
xn − x( n+1

2 )

∣

∣

∣
= dn. (A6)

Since

n
∑

i=1

di <
(n − 1) d

2
; therefore, md =

1

n

∑

|xi − m| =

n
∑

i=1

di

n
<

(n − 1)

n

d

2
.

md ≤
1

n

∑

|xi − m| ≤
1

n

[

n − 1

8
.
d

2
+

n − 1

8
.
3d

8
+

n − 1

8
.
d

4
+

n − 1

8
.
d

8

]

× 2

≤
(n − 1) d

n

[

1

8
+

3

32
+

1

16
+

1

32

]

≤
d (n − 1)

n

[

10

32

]

. (A7)
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