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ABSTRACT

In this paper, we consider the problem of estimating the distribution function of a random
variable in a finite population using two phase sampling, which is an extension of recent
work by Singh, Joarder and Tracy (2001). Besides, three types of estimators for
estimating the median are also considered. The variances of the proposed estimators are
minimised for a fixed total cost and the expressions for the optimum values of the first
and second phase sample sizes are obtained. Numerical illustrations are also given to
have an idea about the relative efficiency of the proposed estimators of the median over
the usual one for the fixed total cost.
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1. INTRODUCTION

Assume that the population of interest U consists of N identifiable and
distinct units labelled U =(1,2,3,..., N). Associated with each unit i , there are two

numbers, namely X; and Y;. First assume that X;’s are known for all the units and
Y,'s are fixed but unknown. A sample s= (sl,sz,...,s,,) of size n is selected and the

values associated with the sample units are observed. The objective is to estimate the
distribution function F,(¢) of ¥ . Let A(x) be an indicator function such that

A(x)z{l’ ifx>0

0, otherwise

Then the distribution function of Y is defined as

Fy(t):%'%zl(t—y[), teR (1.1)

Kuk (1988) has considered a simple and unbiased estimator of F), (t) as

()= 5 A=) (12

ies 7

where 7;’s are the inclusion probabilities according to the sampling plan used. Similarly,
for the auxiliary variable, one can define

~ 1 A(t—xi)

F =y —*7 1.3
2 (0) NI (1.3)

as an unbiased estimator of the distribution function

Fx(z)zizUA(t_x,.). (14)

A ratio type estimator 7 (t) for estimating F ) (t) can then be defined as

Frlt)= ﬁy(t)F"—(iﬂ (1.5)

Fi(
with variance
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2
V[ﬁR (f)]: #g%f(ﬂiﬂj - m’j) {A(t;iy") - A(t;jyj )}

i 7
LY A("xl‘)_A<I_XJ)HA(I—%)_A(f—yj)}
Z{Fi(f)H 7 7 P - (1.6)

Rao et al. (1990) have also proposed ratio and difference type estimators of a
population distribution function under a general sampling design using auxiliary
information for the population, and compared them with a model-based estimator of
Chambers and Dunstan (1986) through a simulation study. The model-based approach for
estimating distribution function from survey data, studied by Chambers and Dunstan
(1986), allowed the population auxiliary information to be directly incorporated in the
estimation process. This approach was found to offer significant gains when the auxiliary
information is linearly related to the survey variable of interest. Later, Dunstan and
Chambers (1989) have concluded through a Monte Carlo study that the method using
“limited information” for the auxiliary variable is at most efficient as the “full
information” method proposed by Chambers and Dunstan (1986). Kuo (1988) has
introduced a classical as well as prediction approach to estimate distribution functions
from survey data. Some recent developments on the estimation of distribution function
are due to Chambers et al. (1992), Chambers et al. (1993), Kuk (1993) and Dorfman
(1993).

In practice, situations are often encountered where the investigator is to study
variables with a highly skewed distribution. In such situations median is regarded as a
more appropriate measure of location than mean. In case all the population units are
difficult to observe, one is to estimate the median from the sample data. Kuk and Mak
(1989) have suggested estimators of median using auxiliary information. Francisco and
Fuller (1991) have also considered the problem of estimating the median as a part of the

estimation of finite population distribution function.
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Let ¥; and X, i=12,..., N, be the values of the population units for the study

1
variable Y and auxiliary variable X , respectively. Further let y; and x;, i=12,...,n,

be the corresponding values for the units included in a WOR simple random sample of

size n. Assuming the knowledge of median M, of variable X , Kuk and Mak (1989)

considered a ratio estimator

. ~ (M
Myp :My(MxJ (1.7)
X

for the median M, . Further let p denote the proportion of Y values in the sample that

are less than or equal to the median value M ,, which is an unknown parameter and is to

y b
be estimated from the sample observations. Thus p is also an unknown parameter. If p

is an estimator of p, the sample median M y can be written as the quantile estimator

Qy (13), where p=0.5. Kuk and Mak (1989) have defined a matrix of proportions [F}jl

as:
Y<M, Y>M, Total
X<M, Py By P,
X>M, P, Py P,
Total P P, 1

They considered the position estimator of median as

Myp =0y(py) (1.8)
where
.1 - -
plz_{nxplu(" ”x)Pu} z[”xlf’ll+("—’1x)1”12](2” 1) (1.9)
ni pq b2

and p;'s are sample analogue of population P,-j's. An alternative estimator of the

median proposed by them is termed as stratification estimator. If ﬁm (y) and FYZ (y)

denote the proportion of units in the sample with X <M, and X > M., respectively, for
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the value y that have Y values less than or equal to y, then their estimator of M,

becomes

Mys = Infly: Fy(y)= 0.5} (1.10)
where

Fy(y)=0.5 {ﬁn(y)Jr ﬁyz(y)}~

We see that the estimators at (1.5), (1.7), (1.8) and (1.10) are based on prior

knowledge of population median M, for the auxiliary character X. Many times the
population median M, for the auxiliary character may not be known. In such cases the

investigator has to use two phase sampling, which necessitates the consideration of two

phase sampling analogous to the above estimators.

In two phase sampling, we select a preliminary large sample of »’' units using
SRSWOR sampling in the first phase. Only the auxiliary character X is measured on
these sample units. In the second phase, a sub-sample of n units is drawn from the
preliminary sample of »’ units through SRSWOR sampling and both the study variable Y

and the auxiliary variable X are measured on the selected units.

2. PROPOSED ESTIMATORS FOR THE DISTRIBUTION FUNCTION

We consider an analogue of (1.5) in two phase sampling as

wwm(%@} @
where

[
Al

FO) =L SAl-x) Aolt)=— £al—x)and ()=~ $A(- ;).
n'i=1 ni=1 ni=|

The following lemmas are needed to find the variance of the estimator in 2.1.

Lemma 2.1: The variance of F Y (¢) is given by

A - S - ¥ seomalr)| e
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Proof: Let E, and E, denote the expected values over all possible first phase samples
and for a given first phase sample, respectively. Also let the variances ¥, and V, be
similarly defined. Then we have

vIE, 0= Ealfy O mEa |, ()

1 n 1 n
= Ele{; .ZIA(I ~ Vi )} + VlEz{; .ZIA(I ~ Vi )}
1= 1=

- ],\,]]\;2’1 L]%ll{A(t ~yi ) - (v 1_ 1) i;t%[—l A= )A(t - )} '

Hence the lemma.

Lemma 2.2: The variance of I:"x (¢) is given by

. N 1 N
v[E0)= %Li{m )R- - 1)i¢§:1A(t —xAl—x; )} . 2.3)
Lemma 2.3: The variance of ﬁx'(t) is given by
AT (N_n') N 2 1 N
VIE, (6)|= Al —x;)f - Alt—x;)AlE=x ;)] 2.4
O ) St s B atexabes)). oo

The proof is obvious.

Lemma 2.4: The covariance between I:“y () and Fy (¢) is given by
A AN
Cov Fy(t), Fx(t)
(- n){

nN 2
Proof: We have

2.5)

=

e e B A e

I ™M

1

——
<

Cov[ﬁy(t), 1A:x(t)J: Ey [CZ g (t)$ﬁx(t)}l+ G [EZ {ﬁy(t)kEZ {FAx(t)}J

- ol {1 £ate- v {2 2t
{

L at-)enf ! Bt

nj=|
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i El{nilf(';ﬁ)l){igﬁ = siale=i)+ '1 (zzlA o )J (I%A(t B )J H

£ O = SAG-x) ~ SA(- ;)
nij=1 ni=1

which is simplified as
Cov|, (0), B, (1)

=M{2A(t XA - v;)- (Nl 1)”5 IA(I xz)A(’ yj)}

nN 2 o
which is the same as (2.5).

Lemma 2.5: The covariance between £ (¢) and ﬁx'(t) is given by

CorlE (o) B 0= 7| ()] (2.6)

Proof: We have

co{?vx(z),% '()} Ellcz{Fx Hw{ { },Ez{ﬁx'(t)}]

_0+C1LEA(t xz)ni%m x,)}
VU Lag- x,ﬂ 0

Hence the lemma.

Lemma 2.6: The covariance between I:“y () and ﬁx’(t) is given by

cov[ﬁ ), E. (r)]

- ﬁm( A )y E Al

nN2 i=l1

2.7)

Proof: We have
Cov[ﬁ'y (t), ﬁx (t)J

- alelE 0 8 O alele o) s o)
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:(N_”')LQZA(t—yi)A(t—xi)—ﬁ %] A(t_y")A(t_xj)}

i#j=l1
which proves the lemma. Thus we have the following theorem.

Theorem 2.1. The variance of the proposed estimator F RD (t ) at (2.1) is approximately
t 2 N N A A
ot} 0 2 b )20l 02,0
o {%}[cov{ﬁy (8 0O)Confey (05,0

2.8)

Proof. The proof of this theorem follows directly from elementary concepts. The
algebraic expression for V|_ﬁ' RD (t)J may be obtained by the use lemmas 2.1 to 2.6.

The finite population median M, is closely related to the distribution function

Fy

of the median of y as Fy(t) is a monotone non-decreasing function of 7. If G, ()

(¢) since M y =1Inf .{I:F ) (t)> 0.5} This relationship can be used to obtain an estimator

denotes the inverse function of F), (), then we have the median M y =Gy (0.5). We,

however, do not pursue this option and instead consider certain other estimators of
median M, using two phase simple random sampling. In order to condense the article

the proofs of further theorems are omitted. Let M + denote the estimator of M, based
on the preliminary large sample. Also, let M » and M y denote the estimators of My

and M yo respectively, based on the sample drawn at the second phase.

3. PROPOSED ESTIMATORS FOR THE MEDIAN

Product Estimator: First we consider a product estimator for the estimation of median in
two phase sampling as

A . (M,
My =M, —=|. 3.1)

The variance of this estimator is given in the following theorem without proof.
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Theorem 3.1: The variance of the estimator M 31 is given by

ity -ozs( 1L )

+G_nl] [0.25{]} (v, )2 +0,25ij Jz{fx(M . )}_2} (3.2)

X

—2(1_%J[Ai\:llyj(ﬂl —0-25){fx(Mx)fy(My)}_l

non x

Also, we have

Plot, )= ot =, =4, or, )20, )= 0 ) an) o, )2
where f =n/ N denotes the finite population correction factor. Then the estimator M 31

is more efficient than the usual estimator M y if

pe <= ol (v, e (33)

where p, :4(P11 —0.25) goes from -1 to +1 as A increases from 0 to 0.5. This

condition is analogous to the condition under which the product estimator (for mean) is

superior to the sample mean in two phase sampling. In the same way, the ratio estimator

M yr in two phase sampling is straightforward.

Position Estimator: Suppose n: be the number of units in the second phase sample S,

with X <M x'- Thus, if F; are known, we can estimate p by
Ay —1] * / *
po'=n"Yix A1/ Pr+\n—ny)Rs /P

~ (Zn_l){n;PH +(n—n;k0.5—P11)} (3.4)

because P =H;+P;~0.5 for j=12. If wereplace F; by p; from the sample in

(3.4), we get an estimator of p as

pr=n" {”i pii/pi+ (n —n;)Plz/P.z }= (271_1){"; P+ (n —n;)pn } (3.5)

Then we define a position estimator in two phase sampling as
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Py2=0(p1"). (3.6)
This leads to the result stated in the theorem below:

Theorem 3.2: The variance of the estimator M ,2 1s given by
~ ) 1 1 1 1 >
v(t,0)={r, (1, ) {0.25 (TW}“(T? (R;-0.257|. (3.7)

Relation (3.7) shows that the estimator M y2 1s always more efficient than the usual one

M y provided the sample size n remains the same for both the cases.

Stratification Estimator: Suppose that F yl( y) and F yz(y) denote the proportion of units

in the second phase sample with X < M x and X > M x > respectively, for the value y

that have Y values less than or equal to y. Then F) ( y) can be estimated by

Fy(y)=ny By ()4 (n=n ) Fyp ()~ 0.5\F 1 (v) + By ()]

where n,' is the number of units in the preliminary large sample with X < M + - Then

we consider an analogue of stratification estimator in two phase sampling as

My_o, :Inf{y:ﬂy(y)z 0.5}. (3.8)

A

For the variance of estimator M ,3 we have the following theorem without proof.

Theorem 4.1: The variance of the estimator M 3 is given by

vltys)=1r, (My)}‘z{&% G—ﬂ—{l—ﬂ (A1 —0-25)2} : (3.9)

n

Relations (3.7) and (3.9) show that the position estimator and stratification estimators
remain equal efficient in two phase sampling.

4. COST ASPECT

Let C; and C, denote the costs per unit in the first and the second phase respectively.
Further if C denotes the over head cost then the fixed cost C is given by

CZCO +nC1+n'C2. 4.1
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Following Sukhatme et al. (1984), the variance of M 1 and M y2 (or hence of M y3)

will be minimum for the fixed cost C given at (4.1) if the optimum values of n and »'
are given as indicated in Table 1 and Table 2, respectively.

Table 1: Optimum values of n and n' for the estimator M 31+

(e No2s {r, (b1, )2 +0.25 /g PLr (o, )2 -7
_ e

(- oWl 0a)r, e, ) 025y far P, )
_ T

where  T=2(M, /M, (R -025){f,(M,) £, (0, )] " and

n

nV

w—eiloas e, ) <025 (or, o, s, a2 1]
+\/C2 [ 025 (v, /e, P, (0, )2

It should be noted that the optimum values of #n and »’' are real only if the
condition (3.3) is satisfied. Otherwise one may use the usual ratio estimator of median.

Table 2: Optimum values of 7 and n' for the estimator M y2 (or hence M y3)-

(C-CoN2R,(1-2R))

n=
Cy2R1(1-2R1) +2|R 1 -0.25{C1C,

, 2(C-Cp)|R1-0.29|
n=
J2C1CoR(1-2R1) +2C5| R 029

where |u| denotes the absolute value of # . Moreover, in the case of simple random

sampling without using the auxiliary variable, the minimum variance of M y Is given by

Min.V{]\il y} =025 {ﬁ —%}{fy (m, )2 (4.2)
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On putting the optimum values of n and »' from Tables in (3.2) and (3.7) [ or
hence in (3.9) ], one may easily get the minimum variance of M 31 and M y2 ( or hence
of M y3)- Theoretical comparison of Min. V(M yl) and Min. V(M y2) with Min. V(M y)

is difficult to handle algebraically. Some numerical examples have been, therefore,
carried out to have an idea of the relative efficiency (R.E.) of the proposed estimators over

the usual one.

5. NUMERICAL ILLUSTRATIONS

For purposes of numerical illustration, we have considered various hypothetical joint

probability density functions (p.d.fs.) of x and y. Suppose that f (x, y) denotes the joint

p.df.ofxandyfor a<x<bh and ¢ < y<d,thatis

bd
11/ (x, ) dxdy=1 (5.1)

ac

We have assumed that C =$1000, Cy =$200, C; =$20, C, =$0.75 and N =1000.

The relative efficiency (R.E.) of proposed estimators over the usual one for the fixed cost

of survey has been presented in Table 3 and Table 4.

Table 3: Relative efficiency (%) of product estimator M yl over the M y for different

distributions.
Distribution Range 1st phase 2nd phase R.E.
sample sample (%)
j(ny)zkﬁOx—2y2+OJ) 025<x<25 156 34 131.60
025<y<43
Fley)=k(5x-y%) 025<x<25 154 34 130.33
025<y<43
£(x,y)=k(100In(x)-2y* +1) 0.25<x<2.5 119 36 112.71

025<y<43
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Table 4: Relative efficiency (%) of position estimator M s (or stratification estimator

M s ) over M y for different distributions.

Distribution Range Ist phase 2nd phase R.E.

sample sample (%)

f(x,y):k(lox—2y2 +0,1) 025<x<25 284 30 257.88
025<y<43

Fley)=k(5x-y%) 025<x<25 300 29 282.04
025<y<43

fx,y)=k(10x> —¢¥) 025<x<25 154 34 130.84
025<y<43

F(x,y)=k(100In(x) -2y +1) 0.25<x<2.5 156 34 131.32
025<y<43
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