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1. Introduction

It is well known that the bivariatiedistribution arises as a deeid sampling distribution from
the bivariate normal distribution and the chuace distribution (Anderson, 2003, 289). In this
paper we emphasize a scale mixture representtiiicalculate some product moments and
standardized moments for the bivariathstribution. Thiscompounds a nonnegative
continuous distribution with thbivariate normal distribution. Though we have considered an
‘inverted chi-square’ distribution as gwaling or the compounding distribution, the
generalization of the model tayaother continuous distribution is evidehhis section of the
paper is a decent introductionrelevant materials for Secti® to motivate those who are
experts in statistical atysis by normal distributions but wist check the robustness of their
theories for a broader contexttedistributions. Wherever posséhlmatrix algebra has been
avoided for broad spectrum of readers.

Since the use of the multivariatéistribution is on the increase in business especially in stock
returns, the paper will enlighten as well amslate research in business, econometrics and
statistics. Interested readenay go through Joarder (1992), Kotz and Nadarajah (2004),
Nadarajah and Kotz (2005) and Nadarajatt Kotz (2005a) and the references therein.

(i) The Univariate T-Distribution

A random variableZ is said to have a univariatalistribution with v degrees of freedom if its
probability density function (pdf) is given by

—(v+1)/2
_T((v+1)/2) z_2 Cw -
fl(z)_—«/;F(VIZ)[lJF vj , <Z<w.
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It is denoted by, . Also let T (read as tau)e a random variable taking valaehave an
inverted chi-square distributiagiven in the following theorem..

Theorem 1.1Let Z ~N (0,z*) andvTd W ~ 77 where the symball means that both sides
of it have the same distribution.

@ (- W)2Z ~t,,
v/2
(b) h, (r):—zl(_v(/ f)z) g oo (1)
|4

(c) the pdf (probability density function) of the univarigtisitribution withv degrees of
freedom has the following representation:

fi(z)= r\/— jh CHz. (1.2)

Proof. The proof of the firstwo parts are well known.

By plugging (1.1) in (1.2) we have

tWi2)\2ix } g,

I A 27+_

With the transformatiow /7% =w , we have

f.(2)= Twi2)y'3J2Ix W ex {_[EZ‘F_;JW }W (v+l)/2( 4/2\/‘)

) T2

00

_[ ! - Z—2+E ww “ P dw
) 22r @ 12)J2n 2

which simplifies to the pdf of , proving part (c).

Corollary 1.1 Let T have the pdf given by (1.1). Then tleeth moment of T is given by

e\ (VI2)PT(vI2-al2)
7 =E(T")= r(v/2)

, v>a.

(ii) The Standard Bivariate T-Distribution

A distribution is said to hee the standard bivariatalistribution if its pdf is given by
(v12+1)
fz(zl,zz):i {1+E(zf+z§)} v>0. (1.3)
2r 1%

It can be proved that the compone#tsand Z, in (1.3) are uncorrelated but they are not

independent unless — o . Product moments of the above distribution are given by Corollary
3.3. Following the univariatedistribution, the quantity may also be called the degrees of
freedom though it is just a shape parameter here. Since the pdf in (1.3) is constant on the circle
z}+z2=r?, for any fixedr , the distribution is also called the circutatistribution. The pdf

in (1.3) was used by Landenna and Marasini (18&1festing equality with flexible type |
error control.
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(iii) Correlated Bivariate T-Distribution

The following is the pdf of a correlated bivaristeistribution
2 2 —(v/2+1)
1+ YitYo Zpylyzj (1.4)

1
falynyo)=—F7— [
B 2741~ p° v(Ll-p*)
which is a special case of the well known bivartatestribution (Anderson, 2003, 289).
The above distribution is permutation-syetnic as the components have common mgan
common variance,and correlation coefficienv wherey,(v-2)=v, v > 2(See Tong, 1990,

202-203). Product moments of the aboverttigtion are given by Corollary 3.2.
The following theorem is similar to a theorémEl-Bassiouni, Sultaand Moshref (2006).

Theorem12letZ =(Z,,Z,) ~N,(0X)2= (0 ), 0y,=0,,=1, 0,,=p=0,, (1< p<1)
independent ofV whereyT?d W ~ »?. Then

@Y =@vMW)"*?Z ~T,(0Lw),

(b) The pdf of a bivariatedistribution with pdf in (14) can be written as

f) =@ IS 172 exdy’ €30y Ty € 9 (L5)

which is the scale mixture bivariate normal and the 'inved' chi-square distribution af
with pdf in (1.1), i.e., symbolicallfX |T=7)~N,©@,r°L).

Proof. (a) The pdf ofZ,,Z, andW is given by

fs(z,2 W)—i ex w expfw /2)
) - 2T (v12) '

z0+27-2pz2,
21-p%)

Letting y,=(v/w)"?z,, y, = (v /w)"?*z,, w =w with Jacobiaw /v, we have

—(v/2+1 vi2 2 2
gy 2w _(y1+y2 2p2y1y2+1jw]
o (v 2W1- p? 2v(1-p7) 2

Integrating outv , we have the pdf of bivariataistribution given by (1.4).

(b) The pdfin (1.5) can be written as

f. (YY)

- ex{_ Vivyi-2pyy } A/ gy,
0 217°\1- p? 2r°(1-p") Iy /2)

which can be simplified as

f(yny2)

wi2)? % [ (yf+y§—2py1y2 v H )
= exp — + .
AW 121 p% % 2(1- p*)? 2r?

With the transformatiow /7> =w , we have
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f2(Y1Y2)
_ (v12)"? i B Y +Y: =20y, |4 TGO (1 e /zjdw
Nl ex{ ( 20-0°) ZM RIS P

y: +y§—2py1y2+gjw }W o
2

1 @
e (v 12)\1-p*? 'c[ GX{—( 2(1-p* W

. —(v12+1)
_ rivi2+1) (y1+y2—2/3yl)/z+}j
2V/2+17Z_V1—* (V/ 2)\/1_ p2 2(1_ p2 )V 2

which simplifies to the pdf of the bivariatalistribution given by (1.4).
(iv) A General Bivariate T-Distribution

The pdf of the bivariate norrhdistribution is given by
fo(x)=(7) |2 [Y* ex- & -60)X " € -0)/3 (1.6)
whereX =(X,X,), 8=(6,,6,) is unknown vector of location parameters ands the 2x 2

unknown positive definite matrix of scale parameters. It is knownBElfxt) =6 and
Cov (X )=ZX. The pdfin (1.6) can be rewritten as

fs(xl,xz):%exp[Lzl’xz)j L7)
where
(l—pz)Q(xl,x2)=(Xla_91] +(X20_92j _2,0(X1—00g(x 09 (1.8)

The pdf of the general (location-scale) bivariatdistribution is given by
)—V/Z—l

fo(x)=r) 2 [Y? (1 & -0)'¢2)" &-0) (1.9)
where the scalar is assumed to be a known postisonstant (Anderson, 2003, 289). The
probability density funiion will be denoted by ,(8,%;v) in contrast to the bivariate normal by
N, (6,%). The pdf of the bivariatedistribution in (1.9) can beritten as a mixture of the
bivariate normal distributioand the inverted chi-squagdéstribution as follows:

f00) =@ IS [ (3 & -0) e &-0) by € )i (1.10)
0

which can be written as

t@a-p*)e F{—Q(Xl,xz)}
foa(X.,X,)= ex h . 1.11

X =] S5 | e e (111)

whereq(x,,X,) is given by (1.8). The pdf in (1.11) can further be written as

(1-p*) 2 ~(v+2)/2 5
fg(xl,xz):T (1+9 (XX ,)/v) , (1.12)

1¥2

whereq(x,,x,) is defined by (1.8) and is well known to be the pdf of the general bivariate
distribution (cf. Anderson, 2003, 289). Since fiui in (1.12) is constant on the ellipse
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[X1_91JZ+LX2_02]2_ 2p(X,—0)(x ,—6) —c2
0, 0, 040,

for any fixedc , the distribution islso called ellipticat-distribution. Note that even ijp =0
in the pdfin (1.12), the component$, and X, do not become independent unless> « .

The pdf in (1.10) can be expresdmdthe scale mixture representation as

(X |T=7)~N,@,r%). (1.13)
It is interesting to notéhat the transformation
X, =6, +0y, X,=0,+0y, (1.14)

in the general bivariatedistribution with pdf in (1.12yields the pdf of the correlated
bivariatet-distribution as in (1.4). Alsthe following transformation

X, =0, +0,/A+p)I22,+0,(A-p)l2Z,

X,=0,+0,A+p)22,—0cA1-p)l22Z,
in the pdf in (1.12) yields that of the stand&uistribution given by (1.8which is obvious by
virtue of

(1_P2)Q(X1’X2)
= (J@r )22, 4@ p)I22,) +(J @ p )22, Ep )2, )
2p(Wr p)122,+( @ p)122,)(V @ p) 122~ G )2, )
:(1_/32)(212"'222)7

OX, OX, OX, OX
and J((x,,x,)—(z,,2,))=mo 172 172 o 1- p? Conversely, the
(%0:X5) > (2,2,) {azlazz azzazj SN g y

(1.15)

transformation

1 (xl—a1 xz—ezj 1 (xl—a1 xz—ezJ
z,= +  Z,= -~
V2A+p) oy F: V2(0=p)\ oy o,

in (1.3) also yields the pdf in (1.12) sinzé+z? =q(x,,X,) and
-1
J((z,,2,) > (X,x )= (0-10-2\/1_,02) .

2. Moments of the Bivariate T-Distribution

In the rest of the paper we cont@te mostly on the general bivarigteistribution discussed
above. It follows from (1.13) that the eegied value and the cavance matrix of the
distribution are given by
E(X)=E[E(X |T)]=E(#) =6 and
Cov (X )=E[Cov(X | T)]+Cov[E(X | T)]
-E (T22)+Cov 0) @.1)
=72
wherey, =v/(v-2), v> 2.

The characteristic function of the general bivartedestribution is given by
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by =E(€) ="y, (W I2"1 ), 2.2)
with

_ e
v, (It])= K., (It D), (2.3)

22 (w1 2)
whereK (|t |) is the Macdonald function with order/ 2 and argumenit |. The Macdonald

function admits numerous integrand series representatiq®ee Spainer and Oldham, 1987,
Chapter 51). The characteristic function baderived (Joarder and Alam, 1995) by

E (eitx ): E [E (eit’x |T)]
—E (eit'ee—t'TZZtIZ)

=e"’E [exp{aT? )],
wherea =t'>t /2. Since

—aT? _OO —ar? _ (aV)

E(e )_ {e hT(r)dr——ZVMflr(V/Z)

—a © 2
V;a f ust exp{—u —%}iu (Lebedev, 1965), the characteristic
0

vi4

Ko(VZ).

whereK _Ww)=K_ W)=
function is given by (2.2).

Settingt, =0 in the characteristic functioi2.2), we immediately have
E (e“ZXZ):e“ﬁzt//V (O'l\/; It, |). Hence the marginal probability density functionof is given
by

Ir'((v+1)/2) 1 ) e
f = _
10(Xy) — L0l (1+ > (X,—0,) ] V>0,

1
which is denoted by<, ~t (6;,07;v).

The (a,b)-th raw product moment of any two variabl¥s and X , is defined byE (X X 2)
while the (a,b)-th centered product moment betweXn and X , is defined by

E[(X,-6)*(X,-6,"], (2.4)
whered, =E (X )),E(X,)=0,.

3. Centered Product Moments of Bivariate T-Distribution

The scale mixture representation of the bivatiatistribution with pdfin (1.13) can be
represented by
2,0 1,1 2
(X |T:T)~N2(t9,2'22)Wher62=[ﬂ( ) 4 )j=( 1 palzazj.
11 u(0,2) pPO,0, o,
The pdf's between (1.9) to (1.12) are eqlemt The following theorem is due to Joarder
(2006).
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Theorem 3.1 Let X, and X, have the bivariatedistribution with pdf in (1.12). Then the
product moments betweeX, and X, are given by

u@bv)=@+b-Dpoou@-1b -1y, + - Db - N p* plotu d— BH- 2, ,

2a mwmm(zﬁb) (2p)21
u(2a,ov)=o; atb 2 @ )b ))2))! Yoar 1
w(2a+1, D+ 1y )= o2 g2 (BT DD + 1)t & (20)’

2 P A e ie- i) e
ua,o+1y)=u(@+1,dv = 0
where y, is thea-th moment ofT .

Proof. By applying the scale mixture representatioflird) to Kendal and 8art (1969, 91)
we have

pu(@b;m)=E[E[(X,-0)*(X,-6)"| Tl
=E [@+b—-1p &T ),T k&~ b- 1)
+ & - DEP" 9" T ¥,T pd- B- 2)]
= §+b- Yoo,ud- - BT )
+ &-1)b-1)(1-p*Yoyou - 2b - 2E T*).

Similarly we have

cBo?® (2a)!(2b)!"]>" (2p)” E (T2a+2
u(2a,owv)= atb s (a_J)I(b_J)I(ZJ)I E(T™)
u(2a+1,d+ 1y )=0*"c 3’*1(26“1)'(23 +)! Y (20 E (T2+%+2)

20 P& @b )i+
u(a,b+1y)=u(@,d+ 1 > )E 0,
u(a+1,dy)=u(@+ 1,2 E T*?** )% 0.

Corollary 3.1Let X, and X, have the bivariatedistribution with pdf in (1.12). Then the
product moment correlation betwen and X, is given byp, , =p .

Proof. By virtue of
E(X,=6)" = u(2,0v)=y07, E(X ,=0,)° = u(0,2v) =y g5
EX,-)(X,-0,)=uLv)=ypop0,
the corollary follows from
2 2 1/2
[(E(Xl_el) )(E(X ) )j| Px,x, = E(X,—0)(X ,-6).

We conclude this section by providing centepeoduct moments of the bivariate correlated
distribution and the standatdlistribution. Corollary 3.2 filows from Theorem 3.1 for
o,=0,=1.

Corollary 3.2 The product moments of correlated bivariatkstribution with pdf in (1.4) are
given by
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p@b;v)=@+b-1pu@-1b-1y,+ &-Db- DT p* } &- H- 2), ,
2a)!(2b)!1"E&P) (2p)
27 & @ ib- )i =
(2a+1)I(D+1)! "E& (20 ¥
20 T4 @) )N2j 1oy
ua,o+1y)=u(@d+1,b v E O,
where y, is thea-th moment ofT .

u(2a, )=

uRa+1,d+ 1y )=

The following corollary follows from Theorem 3.1 fet, =0, =1 and p=0.

Corollary 3.3 The product moments of standard bivartadgiestribution with pdf in (1.3) are
given by

u@bv)=@-)b-Du@-2pb- 2y, ,

.\ (2a)(20)!
/*l(za!zj!‘/)_W}/Zm-Zb’

uRa+1,d+1y )= 0,u(2a,bo+1y)=u(A+1,D v = O,
wherey, is thea-th moment ofT.

4. The Standardized Moments of the Bivariate T-Distribution

Let u(a,b)=E[(X,-6)*(X ,-6,)] and u(a,b;v)=E[(X,-6)*(X ,—6,)"] be the
(a,b)-th centered product moments of the bivaritenmalrdistribution with pdf in (1.6) and the

bivariatet-distribution with pdf in (1.9) respectively. Since the covariance matrix for the
bivariatet-distribution is given by

(u(2,0v) p@Qly)) (420 « @1,
A= = Vo =72,
#@Lv) p@©2y) (x@1) u (0,2
the quantity
(X =)' (X -0)=||="*(X —0)|P=ZZ =R? is not the standardized distance. The
standardized distance for the bivariatstribution is defined by
Q=(X -0) (%) " (X -0). é.1)

Lets, =E@Q®), @=12; - e the a-th standardized momentfJoarder, 2006). Some
properties of standardized ments are discussed below.

Theorem 4.1 Let X =(X,,X,)" have the general bivariat@listribution, and
Q=X -0)(7,Z) (X —0) be the standardized distance of the distribution. Then
a '(@+hI'(v/2-a)
=(v-2
f=(v-2) r/2)
Proof. The quantityQ can be written a® = (X —6)'(7,2) (X -0) =y,'ZZ =y,"R* where
> Y2(X —@)=Z . Then from (1.3), the pdf o is

fz(z):%(l+%j_ _ . @.2)

, V> 2a.
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By making the polar transformation

z,=rcosfd,z,=r sirg, r e (0,©), < (0,2 )in (4.2) with Jacobiam , it follows that

the probability density functions @& and ® are given by

g,(r)=r@+r? /vy re(0,0)and

9,(0)=(27)" ,0€(0,27)

respectively. Then it can be checked easily ®at2 ~F (2,v), and consequently

W =yQ/2~F (2y), v> 2cf. Muirhead, 1982, 37). Then tleeth standardized moment is
given by

B.=E Q")
= 27,"EW ™)
s a a+)r(/2-a)
=27, 012 Tw/2)
_ -2 ra+)r/2-a) Vs a.
r'(v/2)

Notice that as’ — «, the standardized moments of the bivariadestribution, as expected,

coincide with that of théivariate normal distributiorin casea is a nonnegative integer

,Ba _ Zaa!%, V> 2(a— 1)

wherec'® =c(c-1)---c-a+1), €= 0).

Coroallary 4.1 The first three standardized ments of the general bivaridatdistribution are
given by

/81:21

_8(v-2)
B = - , v>4,
B, = 48(v — 2f

=V 2 s
(v—4)(v-6)

5. Shanon Entropy
The Shanon Entropy for any bivariate density functiq®,,x,) is defined by
H(f)=-E(nf (X,,X,)]. Letus calculate the Shanentropy for the bivariate normal

distribution. It followsfrom (1.7) and (1.8) that

—Infg(xy,x,)= |n(27TUlO'2\/1—p2)+q(X1—2’XZ) and

1
1- p°

E[O(X X )] = (L +1-2p%)= 2

respectively so that the Shanorirepy for the bivariate normal dr#bution with pdf in (1.7) is

given by
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E[a(X 4, X )]

CE(Inf,(X,X )= |n(2mp?/1—p2)+
. 5.)

= (n7'27102\/?)+ 1.

Theorem 5.1 Let the bivariaté-distribution have the pdf in (1.11). Then the Shanon entropy

for the bivariatd-distribution has the followingqiivalent representations:
(i)H () =In (2;;0102«/1— 02 )+ E (InT?)+1
(il )H (f,) = |n(27r0'10'2\/1—p2 )+ VZZ E[In(1+q X, X,)W)],

~ ; JaT(wi2+1)| v+2
(i )H (fg)—ln(Zﬂalazx/l—p )+In{ r((v+1)/2)} S wr2v-w g /2]

wherevT? ~ y2and P (t) =d InT'(t)/dt denotes the digamma fuian (Nadarajah and Kotz,
2005).

Proof. By virtue of (1.10), (1.11) or (1.13), it follows from (5.1) that
H(f,) = E {(In (2;;@;)@;)@ )+ 1) |T}

- |r( Zoon Ep? )+E (A% ) 1,
which is part (i) of the theorem. Alternatively, it follows from (1.1) that

EfInf, (X, X ,)] =—|n(2mla?/1—p2)— E[h(+q(X,.X,))],

which yields (i) in the theorem. Note thEt(InT?) =Inv —E (InW ), W ~ »?2. For part (iii),
see Nadarajah and Kotz (2005).

v+2

6. Distribution of the Sample Variancesand Correlation
Coefficient

For any bivariate random vect the mean vector iX ' = (X,,X ,) and the sums of squares

N —_— —
and cross product matrix is given @(Xj - X)(X; = X)"= A. The symmetric bivariate
j=1

N
matrix A can be written a# =(a, ),i =1,2k = 1,2whereg, =mS* =) (X, - X,)?,
=1

N
m=N -1,( =1,2) anda, =Y (X, —X )(X ;, =X ) =mRS S ,. Fisher (1915) derived the
j=1
distribution of Afor p=2 in order to study the distribution tfe correlation coefficient from
a normal sample.
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Let X '=(X,,X,) be bivariate -random vector with probabilitgensity function in (1.9).
Now consider a sampl¥ ,, X ,,--- X (N > 2) having the joint probability density function

_T(w/2+N) N /2 A PSR vzl
=tz 2 [“;*i 0)) & 9)j . (6.)

which is the bivariatemodel for the sample. Note that the observations in the sample are
uncorrelated and not independent unhess « .

1E11(X1’X27""Xr\1 )

The pdf of sample sum of squares am of products based on bivariataodel (6.1) can be

written as
(m-3)/2
%)

-m/2
f(apa,a,)=C, (M, 2) ( 1- pz) 0.0, )" (amazz_ ap,

-v/2-m
Ja L (i__zf)j
vil-p")\or o, o0,

2" 2 vy " T(m+v/2)
zT(m-)r'(v/2)
and a,>0,a,,>0,~o<a;,<w -1k p< 1l m>20, >0,0,> 0 (Sutradhar and Ali, 1989).

whereC (m,2)=

Under the transformatioa, = ms?,a,,= ms3,a,,= mrs s , with Jacobian
J(a,a,,a,—r,s5,s%)=m%s, the pdf ofS’,S’ and R is given by

f13(512’5121r ) =m" C,(Mm,2)oo,)" (1_p2)_m/2( Er 2)(m_3)/2 6s, )V *

9 2 —v/2-m (62)
NP : [ms1 LS. mslszJ |
v(d-p7)

2 2
O, 0, 0.0,

By integrating out sample variances, the distribution of the correlation coefficient comes out to
be what was obtained by Fisher (1915). An elegant proof is due to Joarder (2007). The null and
non-null distribution robustness was provadong others, by Ali and Joarder (1991).

Theorem 6.1 The probability density functioof the correlation coefficienR based on the
joint pdfin (6.1) is given by

2m—2(1_p2)
7 T'(m=1)
wherem >2,-1< p< 1.

m/2

m-3)/2 & (21 )" m+k
h(r) = 1 r2)\™ 250 (20 rz( j “1<r<1
(r) (1-r?) Z < 5
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