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1. Introduction

Let X, X,,--- X (N >2) be a two-dimensional independent normal random vectors with
mean vector X =(X,,X,)’ so that the sums of squares and cross product matrix is given by

N
D (X; = X)(X; - X)' =A. Let the matrix A for the bivariate case be denoted by

j=1

N
A=(a)i=12k=12 where a; =ms’ =) (X; -X;)’,m=N -1,(i =1,2) and

i=1

N [ [—
a, =Y (X, = X)(X,; - X,) =mrs;s, . Also let the elements of the matrix £ = (o),
=1

i =1,2;k =1,2 where o,, =0},0,, =0;,0,, = po,0, With o, >0,0, >0. The quantity o
(<1< p<1) is the product moment correlation coefficient between X, and X, .

Fisher (1915) derived the distribution of the bivariate Wishart matrix in order to study the
distribution of correlation coefficient for a bivariate normal sample. Wishart (1928) obtained
the distribution of Wishart matrix as the joint distribution of sample variances and covariances
from multivariate normal population. The bivariate matrix A is said to have a Wishart
distribution with parameters m =N -1 and X(2x2) >0, written as A ~W,(m,Z) if its

probability density function is given by

|A (m-972 exp(—;trZ‘lAj

f.(A)= , A>0m>2

rANCA DI f[r((m +1-i)/2)

(See e.g. Anderson, 2003, 252). The pdf of the elements of A can be written as



A-p°)""*(o,0,) " 2 \m-3)i2
2" JzT(m /2)T((m -1)/2) (2 -2

xexp(— _a112 - _azz2 _ _103212 j
2(1-p%)o;  2(-p°)o, 2(1-p°)oo,

f (a111a221a12) =
(1.1)

a, >0,a,, >0,-c0<a, <oo,m>2,-1< p <1 (Anderson, 2003, 123).

Because of its important role in multivariate statistical analysis, various authors have given
different derivations. See the references in Gupta and Nagar (2000, 87-88) for a good update on
the moments of Wishart distribution.

In this paper we deduce some properties of a bivariate chisquare distribution of U =mS} /o7

andV =mS’ /o’ introduced by Joarder (2005a). In particular, moments of the product and

ratio of two correlated chisquare variables are also derived. Distributions of the sum and
product of correlated chisgaures are also derived.

Ratios of two independent chisquares are widely used in statistical tests of hypotheses. This
paper ushers a horizon of statistical investigation where the assumption of independence is not
met. In corollary 2.6, we have provided moments of the ratio of correlated chisquare variables.
Further investigation is needed to utilize these moments to derive the distribution of the ratio of
chisquares or many other interesting properties by the inverse Mellin transformation along
Provost (1986).

In case the correlation coefficient p =0, the probability density function (pdf) of U andV

becomes that of the product of two independent chisquare variables each with m degrees of
freedom, and the product moments obtained for the correlated case are found to be in
agreement with the special situation of independence. We refer to Kotz, Balakrishnan and
Johnson (2000) for other type of bivariate chisquare distribution.

For any nonnegative integer k , the following notations will be used in sequel:

a, =a@+h@+2)---(a+k -1),

a**=a(@-1)---(a—k +1).

2. The Density Function of the Bivariate Chisquare Distribution

The first three of the theorems are due to Joarder (2005a).

Theorem 2.1 The random variables U andV are said to have a correlated bivariate chisquare
distribution each with m degrees of freedom, if its probability density function is given by

—(u+4v)

(uv)"> 20" 5 pv ) T((k +1)/2) o
2"z T(M12)1-p*)™? &\ 1-p* ) kID((k +m)/2)’ '

fuyv)=



m=N -1>2, -1< p<1 . Note that the above pdf can also be written as

RO (s R exp[ w +V)J - {exp[Mﬂ

2" T?(m/2) 2(1-p%) 1- p?
where Y has a beta distribution B (a,b) with parameters a=1/2 and b =(m -1)/2.

In case p =0, the pdf of the joint probability distribution in Theorem 2.1, would be that of the
product of two independent chisquare random variables given by

m/2-1

(UV ) e—(u+v)/2

Fluv)="% r2(m/2)

,u>0yv >0.

Theorem 2.2 For m >max(a,b) and —1< p <1, the (a,b) th product moment E (U % °) of
the distribution of U andV , is given by

2a+b(1_p2)a+b+m/2 w (zp)k F(k +m +ajr(k +m _}_bj F((k +l)/2) .
JrT(m/2) & k! 2 2 T((k +m)/2)

H#'(@,b; p) =

The following theorem is due to Joarder (2006).
k -m
Theorem 2.3 Let b, ,, :%F(k +1jr(k ;mj and L(m, p) =<z [(m/2)(1- o) /2.

2
Then for m >2,-1< p <1 and, we have

()2 P'Byn =L (M. p)

(ii)3 kb, . =mp* (1= p)*L(m, p) =w, (M, p)L (m, p)

k=0

(ii )ik”}pkbk,m =(m(m+1)p* +mp®)(1-p?) ZL(M, p) =W ,, (M, P)L(M, p)

(V)Y kb, , =w ¢, (M, p)L (M, p) Where
k=0

W, (m, p) =((m*+3m?+2m)p° +(3m*+6m)p* ) (1- p°)°
=(m(m+1(m +2)p° +3m(m +2)p* )1~ p*) °L(M, p) =W (ML (M, p)

(V)Zk{4}pk by m =W (4)(m,p)L(m,p) where
k =0
W (M, p) = (Mm*+6m®+11m? +6m),p° +(6m° +30m’ +36m) p° +(3m* + 6m) p* | (1 p°)*
=[m(m +1)(m +2)(m +3)p° +6m (m +2)(m +3),0° +3m (m +2) p* |(1- p*)"*

W)Y k2", , = (20" +2m p*)A—p7)*L (M, p) =W ,(m, )L (m, p)



(vii)ikgpkbk,m = (Mm®p°® +(6m? +4m)p* +4m p?)(1- p*) L (M, p) =w 5(m, p)L (M, p)

k =0
viii)> k*p" b, =w (M, p)L(M, p) where
k =0

w,(m, p)=[m*p® +(12m° +16m* +8m)p° + (28m* +32m) p* +8m p* | (1— p°) .

2°T(m/2+a)
r'(m/2)

moment of usual chisquare distribution with m degrees of freedom. Similarly,

1'(0,b; p)=2"(m /2)g,y - When both orders a and b are negative, it is difficult to get closed

For any nonnegative integer a, '(a,0; p) = =2%(m /2), which is the ath

form expressions for product moments x'(a,b;p)=EU¥ °).If p=0, then
1'(@,b;0)=4'(a,0;0)'(0,b;0). It is observed that if b is a nonnegative integer, then
K (Lb; p)=2°(M12)g, (M +2b p?).

The following theorem follows from Theorem 2.2.

Theorem 2.4 Let U andV have the bivariate chisquare distribution with pdf given by
Theorem 2.1. For (i) nonnegative integers a and b, with m > 2, or (ii) a>0,b <0 with

m +b >0, the (a,b) th product moment of the distribution of U andV , is given by

a

a .
,U'(aab?/?)=23+b(mj Z(_j(ﬂb—a+j){a_,-}(m+a—jj preD

2 {b} j=0 2 {?}
where -1< p<1.

Corollary 2.1 Let x'(a,b,l;p)=E (SfaS PR ) be the product moments of the bivariate
Wishart distribution with pdf given by (1.1). Then the (a,b)-th product moment of sample

variances S and S can be calculated by
2a __2b

a ! . O, O, ! .
E (Sf S;b):ﬂ(a,b,o,p): ;1“5 1'@,b; p).

The following corollary is obvious from Theorem 2.2.

Corollary 2.2 Let U andV have a bivariate chisquare distribution with pdf given by (2.1).
Also let u(a,b)=E ((U —-EU)*V -EV )b) be the centered product moment between U and

V . If a and b are of the same sign, then

(EUV")=EUYV?)
(i)u(@,b) = ub,a).

Corollary 2.3 For m >2,-1< p <1, the a thmoment of W =UV s given by



an BL-p)P&(k+m)  2p) (k+m r((k +1/2)
S0 L(m, p) kZﬂ( 2 j{a} k! F( 2 +ajr((k+m)/2)

where L(m, p) is defined in Theorem 2.3. In case a is an integer,
a a(m 2(a . m . ai
EW")=4 (?j Z(-j(lﬂ){a—j}(?Jfa—JJ p )
@y i-o\J )
(cf. Joarder, 2005a).

Incase p=0,then W will be the product of two independent chisquare random variables

each with m degrees of freedom and evidently the resulting moments are in agreement with
that situation. In particular, if p =0, the mean and variance of W will be EW )=m and

VarW ) =4m?(m +1) respectively.

Let H =U /V , the ratio of two correlated chisqaure variables U andV that have probability
density function in Theorem 2.1. Then the following corollary follows from Theorem 2.2.

Corollary 2.6 Form >2a,-1< p <1, the a-thmoment of H is given by

E(H )L<mp)z(2kp!) (k;m+ajr(k;m‘ajr[kglj(r(k;mjj_l

where L(m, p) is defined in Theorem 2.3. In case a is a nonnegative integer, we have

. T(m/2 - ' 2(a-]
E(HT)= i“rr(‘mlz)a);(lj(_23+J+1){a—j}((m/2)+a_1){j}p( g

Incase p=0, then H will be the ratio of two independent chisquare variables each m
degrees of freedom, and the a-th moment will be simply

E(H®)=(m/2)g,/(m/2-a),, m>2a

which are evidently in agreement with the situation. In particular, if p =0, the mean and
variance of H will be

E(H):l, m > 2, and
2

4m(m -1)

Var(H) = (M _22m -8’

respectively.



If X andY are two random variables, then it is well known that the independence between
X andY implies uncorrelation, but the converse is sometimes true , e.g. in case X and

Y have a bivarite normal distribution. The following corollary is another example along the
line.

Corollary 3.1 Let U andV have a bivariate chisquare distribution with pdf given by (2.1). If
the product moment correlation between U andV vanishes, then they are independent.

Proof. Since

EUV)=xLY)=m(m+2p%), EU)=x'(L0)=m, E{)=4(01)=m,
EU®)=x(20=m(m+2), EV *)=x(0,2) =m(m +2),

it can be checked that

VarU)=m(m +2)-m?=2m,
Varl )=m(m +2)—-m?=2m,
Cov(UV)=E(UV )-E(U)E{ )=m(m+2p*)-m(m)=2mp’

and hence the product moment correlation between U andV is given by

Cov (UV ) )

=p
VarU vary )]
Note that if p =0, the pdf in (2.1) becomes the product of that of the two independent

chisquare distributions each with m degrees of freedom. In view of the above corollary we
have the following:

Corr(UV )=

Corollary 3.2 Let X andY have a bivariate normal distribution with correlation coefficient
p I h (X, X,,--,X) and h,(¥,Y,,--- Y ) are two functions of (X, X ,,---, X )and

(Y,Y,,---Y, ) respectively, with correlation coefficient h(p) such that h(p)=0 implies
p=0,then X andY are independent.

4. On a Chisquare Distribution with a Nuisance Parameter

Theorem 4.1 A random variable U is said to have a chisquare distribution with a nuisance
parameter p if it has the pdf given by

u

_ k
u™zt g2t = h2u | T((k +1)/2)
2" (m 127 S| 1= p? k!

When p =0, the above reduces to the pdf of chisquare distribution with m degrees of
freedom. If p =1/~/2 , a special case of the chisquare distribution has the following pdf :

gu)= , u>0, m>2-1<p<l.



m/2-1 5 -u ®© k/2
o) = u e (4u) lﬁ(k+1

, u>0,m>2
"2 r(m/2\r & k! 2 j

Theorem 4.2 The a th moment of the distribution of U is given by
, 2L((m/2)+a)
a;p)=2"———-—"-—=
1'(@; p) r(m/2)
which is the a th moment of the usual chisquare random variable with m degrees of freedom.

Proof. By the use of Theorem 2.3 in Theorem 2.2 , we have the following:

ﬂ'(a;p)=2L((1_p)) i(zif!)k T ((k +m+2a)/2)T((k +1)/2)
_2=p) 52

L(m,p) =

2a(l_p)aer/
= C(m.2) L(m +2a, p)

a namiz| T'(m/2)+a 5\—a-m/2
=2 (1-r") { (i“(m/)ZJ; )(1_/’) }

since L(m, p) =z [(m/2)(L-p?) ", m>2, and ~1< p<L.

5. Some Functions of Correlated Chisquare Varibales

Theorem 5.1 Let U andV be two correlated chisquare variables with pdf given by Theorem
2.1. Then the joint pdf of Y =U +V andW =UV is given by

Wm/2—1em(y2_4w)—1/2 © ,O\AN_I F((l +1)/2)
2"z T(m/2)1-p2)"'? Z 1-p° ) 1IT((1+m)/2) "

y >2\AN_, m>2-1<p<1.

fs(y ,W)=

Proof. Let y =h,(uv)=u+v, w =h,(u,v)=uv,u=h"(y,w)v =h,*(y,w) in(2.1) so that
the joint pdf of Y and W is given by

fo(y w)=g:(h"(y w) h, (y w)) 13,1+, (h"(y w),hy " (y w)) [, |

where g, and g, are the pdf of Y andW in the domain D, ={(u,v),u >v} and
D, ={(u,v):u <v} respectively and |J, |, (i =1,2) is the Jacobians of transformations. In

D,={(u,v):u >v} we have U=y ++y° 4w, =y - ’y2—4w and



5=§+§y(y2—4W)‘“2, vl A D
ov 11 OV )
gZE—Ey(yZ e A D
so that gy—u%—sw—u%:(yz—w)‘“z

yielding J(u,v —>y,w)=(y2—4v)71/2,y >2W . In D, ={(u,v):u <v}, we have
2u=y -y’ —4w , =y +./y*—4w and as above, it can be proved that

Il _(y 2 —4\N )—1/2

so that the Joacobian of the transformation is |J (uv —y w)|=(y* - 4w )_“2 .y > 2w . Then
the probability density function of Y andV follows from Theorem 2.1.

Corollary 5.1 If p=0, then the joint distribution of sum and product of two chisquare

variables would be

(yw )m/2—le—y/2 (y 2 _py )‘1’2
2" T%(m/2)

fo(yw)= O<w <y?/4,0<y, m=N -1>2.

)

Theorem 5.2 Let U andV be two correlated chisquare variables with pdf given by Theorem
2.1. Then the pdf of Y =U +V s given by

ylg 2 - (py 1(2-207)) T(( +D)/2)
92m-1 F(m /2)(1_p2)m/2 = [ IF((' +m +1)/2)

fa(y)=

Proof. It follows from Theorem 2.1 that

1 2 -m/2
( —P ) oV I2-27)
2"t T(m /27

N (p/(l p))IF((l +1)/2)y2/4 l+m-2)/2 (, 2 12
X; (1 +m)/2) Jw 2y —aw ) dw

fo(y)=

which can be simplified as
(l_pz )7m/2e7y /(zizpz)
2" r(m /207

1) T D12y e sy
= 1T ((1+m)/2) 2™ T +m+1/2) |

foly)=




If p=0, the pdf in Theorem 5.2 matches, as expected, with 72 .

Theorem 5.3 LetU andV be two correlated chisquare variables with pdf given by Theorem
2.1. Then the pdf of W =UV is given by

¢ (W): W(mfz)/z © (y2—4W )71/2e7y/(272p2)dy
2t r)(1-p7) " Vr
- (oW 1(2-20%)) T((+D)12)
x; LT ((1+m)/2) W >0.

Proof. It follows from Theorem 2.1 that

(m=-2)/2 o

2 _ay )Py a2y
2" r(m/2)(1-p*)" N7 zijv & ) '

- (W 1(2-20%)) T(0+D)12)
“2 LT ((1+m)/2) |

w

le(W)=

If W is the product of two independent chisquare variables with d.f. m; and m,, then

f @)= (mtmz)M(VW), W >0

W (my+m,)/4-1

my+m,/2-1 K
2 T(m,/2)T(m,/2)

(Springer, 1979, 365) where K _(x) is the modified Bessel function of the third kind of order

a which is neither zero nor a positive integer (Erdelyi, 1959, (13), p.5). Notice that the above
density function does not allow the two chisquares having the same degrees of freedom. The
following theorem provides a different form of the density of the product of two independent
chisquare variables with the same degrees of freedom.

Theorem 5.4 In case U andV are independent, the pdf of W =UV is given by

~ \/§ W (m=3)/2
)= Jz 2" (m [2) ()

a © 1/2
where K_ (x) _ Imx j e (£ —1)* Y2t =(l) F.(0,a,2x).
2°(a+1/2)) 2x

Proof. From Theorem 5.3 we have



10

fow)y W T (y2-an) ey
1 2" m/2) i
-1/2
:L/Z_l J‘ Ay y_z_ e*y/zdy
2" (m/2) L% 4w '
: y
Letting —— =x,d =2\/§N_dx,wehave
Yo Y
m/2-1 © _
fu@) =i [ (t2-1) et

2" r*(m/2) 3

(m-3)/2
V3 w K, ().

T2 12

The moments of H =U /V , the ratio of two correlated chisquare variables, is outlined in
Corollary 2.6. But further investigation is required to derive the distribution of H =U V ,
along Provost (1986).

6. Estimation of »?

Theorem 5.1 Let X, and X, have a bivariate normal distribution with o} =o7. Then an
unbiased estimators of p* is given by

_ 2
Ho=M=201 50|y
2 |7 s’

with variance

Var(H.) = ﬁ[(l—pz)m —(L+4p* =5p")m +8p°(1- p°) |

Proof. From Corollary 2.6 we have

m —2p?
E(H)= m_’;.

Then the unbiasedness of H.follows from

2
e(¢)-nts
\% m-2

where U =mS//o’andV =mS} /2. The variance of H. follows from Corollary 2.6 by
virtue of



11

Var(H,) = (m ;Z)ZVar(H ).
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