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Abstract In this paper a family of estimators for estimating mean, ratio and product
of two means of a finite population are suggested and studied under the two different
situations of random non-response considered by Tracy and Osahan (1994, Statis-
tica 54(2):163-168), Singh and Joarder (1998, Metrika 47:241-249) and Singh et al.
(2000, Statistica 60(1):39—44). Asymptotic expressions of biases and mean squared
errors of the proposed families are derived. Optimum conditions are obtained under
which the proposed families of estimators have the minimum mean squared error
(MSE). Furthermore, the optimum values, depending upon population parameters,
when replaced by sample values, yield the estimators having the minimum MSE of
the optimum estimators. The estimators for MSEs of the suggested families are also
given.
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566 H.P. Singh et al.

1 Introduction

In sample surveys it is common to make use of auxiliary information to increase
the precision of the estimates of population parameters. The problem of estimat-
ing the ratio and product of two means of a finite population using information on
a single auxiliary variable or many of them has been discussed, among others, by
Singh (1965, 1967, 1986a, 1986b, 1988), Rao and Pereira (1968), Shah and Shah
(1978), Tripathi (1980), Ray and Singh (1985), Upadhyaya and Singh (1985), Upad-
hyaya et al. (1985), Srivastava et al. (1989) and Singh et al. (1994a, 1994b). Let y;
(i =0, 1) be the study characters with population means Y; (i =0,1), and let 2 be
an auxiliary character (correlated with study characters y; (i =0, 1)) with a known
population mean Y>. Assume that a simple random sample of size n is drawn without
replacement and (yo;, y1i, y2i), i = 1,2, ..., n, are observed. The usual estimator of
the ratio Ry) = 170/171" (Y1 #0) is defined by

B Yo o
R = 5 (1 #0), (1.1)
1

where « is a scalar which takes values 0, 1 and —1. It is to be mentioned that:

(i) fora =0, R) — R = Yo, and its estimator R(a) — R(o) Y0,
(ii)) fora =1, R) = Ry = YO/Y1 and its estimator R(a) — R(]) =Yyo/y1 =
(iii) fora = —1, Ry — R(—1) = Yo}, and its estimator R(a) — R( 1) =Yoy1 = f’
Utilizing the information on an auxiliary character y,, a class of estimators for
R (o) on the basis of Srivastava (1971) is defined by

A h A
R = Rioyh(u), (1.2)
where /(u) is a function of u = /Y5 such that 4(1) = 1 and satisfying certain regu-
larity conditions, as mentioned in Srivastava (1971). Motivated by Srivastava (1980),
we propose a wider class of estimators for R(y) as

R = H(Re). u), (1.3)
where H(ﬁ(a), u) is a function of (Ié(a), u) such that H(R),1)

= R), Hi(R),1) =1 and satisfying certain conditions, as given in Srivastava
(1980).

Assuming the population mean ¥, and the variance 522 of the auxiliary character
y> to be known and following the same approach as adopted by Srivastava and Jhajj
(1981) and Upadhyaya and Singh (1985), a family of estimators of Ry is defined by

R(I)

& = Ryt (., v), (1.4)

where # (4, v) is a function of (u, v) such that 7(1, 1) = 1 and satisfying certain regu-
larity conditions, as defined in the Appendix. For ¢ =1, R, R ) reduces to Upadhyaya
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Family of estimators using random nonresponse 567

and Singh (1985) estimator of the ratio R(j) = R given by

R{) =Rt v), (1.5)

while for & = 0 it reduces to the Srivastava and Jhajj (1981) estimator of the popula-
tion mean Y

R = Fot(u, v). (1.6)

A

To the first degree of approximation the biases and MSEs of REZ; and R
spectively, given by

((;)) are, re-

0

R . R
B(Rgg) = B(Rw) + 2(“) C22K @y (1) + hi (D}, (1.7)
. . OR

0 @)
B(R@) = B(Rw) + —~

[ZK(G)Cgtl(], 1) 4+ 2dg2(1, 1)

+ C3t1 (1, 1) + 22003 Cat1a(1, 1) + (hoos — Diaa(1, D], (1.8)
MSE(R()) = MSE(Ra)) + 0 R, C2hy (1){h1(1) + 2K(a) }. (1.9)
and

MSE(I?EQ)) = MSE(R()) + 0R%, [C317 (1, 1) + (oo — D13 (1, 1)

+ 24003Cat1 (1, Dia(1, 1) + 2K (69 C311 (1, 1) 4+ 2d ()12 (1, D],
(1.10)

where the bias and MSE of ﬁ(a), to the first degree of approximation, are, respec-
tively, given by

B(R(@)) =0CT Ry (@/2)[er — 2Ko1 + 1] and MSE(R (1)) = O R, A@).  (1.11)
The MSE(I%ES;) and MSE(I%&))) in (1.9) and (1.10) are, respectively, minimized for
hi()=—K) and £(1,1)=A, n(,1)=B2B. (1.12)

Putting (1.12) in (1.9) and (1.10) yields the min.MSEs of R{") and R(?) as

min.MSE(ﬁEZ;) =MSE(R(a)) — OR%, K2, C3 (1.13)
and
min.MSE(Ié((Q)) =MSE(R()) — OR%, Ba). (1.14)

Thus, we have established the following theorems:
Theorem 1.1 Up to terms of order n=!,

p(h) ) 2 2 2
MSE(R(Q)) > MSE(R()) — 0 R, K{,)C5,
with the equality holding if h1(1) = — K (o).
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Theorem 1.2 Up to terms of order n=!,

MSE(R()) = MSE(R(a)) — 0 RY,) Bw-
with the equality holding if t1(1,1) = A and t>(1, 1) = B.

Any parametric function 7 (u, v), satisfying the regularity conditions, can generate
an asymptotically acceptable estimator. The following estimators

doq1y = Ié(a)u“‘v”,

do) = Ry {1 + a1 — D} /{1 + 2w — D},
dog) = Riey [l —a1(u — 1) —aa (v — 1)]_1,
doy = Re[1 —a1(u = 1) —ax(v — D],
dos) = Rie)(2 — u®1v®2), and

doe) = ﬁ(a) [Ollu + (1 - al)v‘)‘z], etc.

of the parameter R(y) are members of the family of estimators Iégx) , where a1 and o
are real constants. The optimum values of the constants 1 and «, are obtained by the
right hand sides of (1.12), and the resulting estimators will have the same minimum

MSE given by (1.14). Furthermore, we note that the class of estimators I@Eg) does not
include the simple difference-type estimator

do7y = Ry + a1 — 1) +aa(v — ). (1.15)

This led the authors to propose a class of estimators wider than Iééfx)) in (1.4), as
Ry =T (R, u, v), (1.16)

where T(ﬁ(a), u,v) is a function of (Ié(a), u,v) such that T(D) = R(y), T1(D) =1
and satisfying certain regularity conditions, as defined in the Appendix. To the first

degree of approximation the biases and MSEs of Ié((f)) and Iég)) are, respectively,
given by

~CH N 0 5
B(R) = B(Rw) + 3 C3[Hn (R — 1
+ 2R ) K(@)H12(R(a), 1)]7 (1.17)
5 . 0
B(Rg))) = B(R()) + E[CgTzz(D) + (hoos — 1)T33(D)

+ 2R(a) K(a) le(D)C% + 2R(a)d(a) T13(D)
+ 22003C2T23(D)], (1.18)
MSE(I%(‘g)) = MSE(R(q)) + 0C3Hr(R@), 1, D[Ha(Rioy1, 1)

—I—ZR(Q)K(Q)], (1.19)
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Family of estimators using random nonresponse 569

and
MSE(R(})) = MSE(R(0)) + 0[C3TZ(D) + (ho0s — DT (D)
+ 2R (0) K () C3 T2(D) + 2R (o)) d(a) T3(D)
+ 2x003C2 T2 (D) T3(D)]. (1.20)
The MSE(R{})) and MSE(R{},)) in (1.19) and (1.20), respectively, are minimized
for
Hy(R(), 1) = =R K () (1.21)
and
(D) = Rw)A, 13(D) = R B. (1.22)
Putting (1.21) and (1.22) in (1.19) and (1.20), respectively, we get the minimum
MSEs of Iéég) and Iég)) as
. 5(H) 5 2 22 : b (h)
min MSE(R(,)") = MSE(R()) — 0 R(, C3K(,) =min MSE(R(,)) ~ (1.23)

and
: (T) 5 2 : )
mln.MSE(R(a) ) =MSE(R(«)) —OR{,)B) = mln.MSE(R(a)). (1.24)

Thus, it is proved that the asymptotic MSE for an optimum estimator of the family

generated by Iég)) (1%((5)) ) is same as the asymptotic MSE of an optimum estimator of

the family IQ&))(IQEZ;) and is not further reduced.
From (1.11), (1.23) and (1.24) we have

(H)

MSE(R(¢)) — [min.MSE(R(")) = min.MSE(R{,)

2 22
(@) )] =6RG)CiKy =0 (1.25)

and

[min.MSE(éEZg) = min.MSE(Iz’gf)))]

— [min.MSE(Ié(l)

) =min MSE(R{,))] =6RZ, % >0.  (1.26)

()

Thus, from (1.25) and (1.26) we state the following theorem:
Theorem 1.3 The inequality

: (1)

[mln.MSE(R(a)

< [min.MSE(ﬁ((Z;) = min.MSE(I%

) = min.MSE(ﬁEQ)]

(H)

@ )] = MSE(R(0))

holds under the optimum conditions.
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Table 1 Values of the derivatives

Estimator f(1.1) K1, 1) f1(1, 1) f12(1, 1) (1, 1)

do(1) o] o oy — 1) aja) az(ap — 1)

do(2) o —a 0 —a1an 20:%

dy(3) o [°%) Za% 2010 Za%

do(4) —aq —an 0 0 0

do(s) —a] —a) —aj(a; — 1) —ajan —az(ap — 1)

do(s) o] ar(l—ay) 0 0 ar(l—ap)(ap —1)

It follows from Theorem 1.3 that the proposed family of estimators Ié((;))(ﬁg)))

is more efficient than the estimators Ié(a), Iégz; and Ié((f)) It is to be mentioned that

Iégj; is a member of the class Ii’gx)). The estimator Ii’g)) includes all the estimators

Ié(a), 1%52; Iégz) and Iégx)). The biases and MSEs of the estimators do(;y, i = 1,...,6,
can be obtained from (1.8) and (1.10) just by putting the values of the derivatives, as
shown in Table 1.

In this paper we study the effect of a random non-response on the family of estima-
tors Ié((zz, Iégl{)) , Ié&)), and Iég)) in the two situations advocated by Tracy and Osahan
(1994): (i) a non-response in the study as well as the auxiliary variables [Situation 1],
and (ii) a non-response in the study variable only [Situation 2]. The reader is referred
to Singh and Joarder (1998), Singh and Singh (1979, 1985), Singh et al. (2000) and
Singh and Tracy (2001).

2 A non-response probability model

Let £2: (v1,v2,...,vy) be the population of N units from which a simple random
sample of size n is drawn without replacement. If » (r =0, 1,2, ..., (n — 2)) denotes
the number of sampling units on which information could not be obtained due to
random non-responses, then the remaining (n — r) units in the sample can be treated
as a simple random sampling without replacement (SRSWOR) from 2. It is assumed
that r is less than (n — 1). We also assume that if p denotes the probability of a non-
response among the (n —2) possible values of non-responses, then r has the following
discrete distribution

(n—r) ., —r=2
Pr)y=—--=C" ", 2.1
(r) ng+2p°" P q (2.1
which is due to Singh and Joarder (1998), where ¢ =1 — p and r =0,1,2, ...,
(n —2). Let us define

e R T}
Yo Y 6} Y,
2
eq = R _ 1 es = ﬁ —
2 ’ 2
) )
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Incompleteness (in the form of absence) is a troublesome feature of many data
sets. Statisticians have long known that failure to account for the stochastic nature
of incompleteness can damage the actual conclusion. An obvious problem, that one
needs to justify, arises when ignoring the incomplete mechanism. Rubin (1976) ad-
vocated three concepts: missing at random (MAR), observed at random (OAR), and
parameter distribution (PD). Rubin defined: “The data are MAR if the probability of
the observed missingness pattern, given the observed and unobserved data, does not
depend on the value of the unobserved data”. Heitjan and Basu (1996) have distin-
guished the meaning of missing at random (MAR) and missing completely at ran-
dom (MCAR) in a very nice manner. The probability model, defined in (2.1), is free
from actual data values; hence, can be considered as a model suitable for MAR sit-
uation. Then, under the probability model given in (2.1), we have the following re-
sults:

E(e;)=0, i=0,1,...,5;

E(ef)=0*C§,  E(ef)=0"Ci,  E(e3)=0"C3,  E(e3)=6C3,
E(e3) =6"(hoos — 1), E(e3) =0(roo4 — 1),

E(eper) =6 p91CoC1, E(epe2) =6 p02CoCa, E(epe3) = 0pn2CoCa,
E(epeq) = 60" 1102Co, E(eges) = 0r102Co,

E(e1e2) =60%p12C1C, E(ere3) =0p12C1Ca,

E(ereq) =60%1012C1, E(eres) =01102C1,

E(eze3) =6C3, E(eze4) = 0% 1003 C2, E(ezes) =0r003C2,

E(ezeq) = 0A003C2, E(ezes) = 0ro03Ca, E(eqes) =0 (Aooa — 1).

It is to be noted that if p = 0, that is, there are no non-responses, the above ex-
pected values coincide with the usual results. For practical examples of random non-
response in survey sampling, the reader is referred to Tracy and Osahan (1994) and
Toutenburg and Srivastava (1998).

3 Proposed strategies

In this section we consider three different strategies depending upon the availability
of information and non-responses on both variables.

3.1 Strategy I

When random non-responses for r units on study variables yo, y; and auxiliary vari-
able y, are present in the sample, and the population mean Y and the variance S% of
y2 are known, we define a family of estimators of Ry as

dy = Roi—r) [ U—r)> Vn—r))> 3.1

where f(u(,—r), V(n—r)) is a function of (#(,—,), V(—r)) such that f(1,1) =1 and
satisfying the following conditions:
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572 H.P. Singh et al.

(i) Whatever the sample, (4(,—r), v(z—r)) assumes values in a bounded, closed con-
vex subset, S, of the two-dimensional real space containing the point (1,1).
(ii) In S the function f(#(,—r), V(n—r)) is continuous and bounded.
(iii) The first and second order partial derivatives of f(u(,—r), v(n—r)) exist as well
as are continuous and bounded in S.

To the first degree of approximation the bias and MSE of d; are, respectively,
given by

Q*R(a)

B(d)) = B(Ru(n—r) + [2K (@) C3 f1(1, 1) +2d(o) f2(1, 1)
+C3 fui(L, D) +22003C2 fia(1, D) + (hoos — D f2(1, D] (3.2)
and
MSE(d)) = MSE(Ru(n—r)) + 0% R%,) [C3 F2(1. 1) + (hoos — D f7 (1, 1)
+ 2X003C2 f1(1, 1) fo(1,1) + 2K(a)C§f1(1, 1) 4+ 2d ) f2(1, l)], 3.3)

where
N N aC12
B(Roz(n—r)) =0 R(Q)T(a - 2KOI + 1) (34)

and
MSE(Ry(n—r)) = 0*R(,)[C§ + aC(a — 2Ko1)] (3.5

are, respectively, the bias and MSE of Iéa(n_,) to the first degree of approximation.
The optimum values of f1(1,1) and f>(1, 1), for which MSE(d}) is minimum, are
given by

fil,)=A and f>(1,1)=B8B. (3.6)
Substitution of (3.6) into (3.3) yields the minimum MSE of d; as

min.MSE(d)) = MSE(Ru(1—r)) — 0* R(y) Bw). (3.7)
Thus, we state the following theorem:
Theorem 3.1 Up to terms of order n™",
MSE(d1) = MSE(Ra(n—r)) — 0*R(,) Bw),
with the equality holding if f1(1,1) = A and f>(1,1) = B.
A family of estimators wider than d; is defined by
dy = F(Ry(n—r)» U(n—r)» V—r))5 (3.8)

where the function F(Iéa(n_r), U(n—r), Vn—r)) satisfies F (D) = R and F1(D) =1.
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Family of estimators using random nonresponse 573

To the first degree of approximation the bias and MSE of d> are, respectively,
given by

*

Bds) = BlRun-) + 5 [C3F2(D) + Gooa — D Fss(D)
+ 2R K (@) F12(D) 4 2R()d (o) F13(D) + 24003C2F23D]  (3.9)
and
MSE(d2) = MSE(Rey (1))

+6*[CIF5 (D) + (ho04 — D F3 (D) + 2R (e K (@)C3 F12(D)
+ 2R (o) d (@) F13(D) + 2003C2 F23(D)]. (3.10)
The MSE(d>) is minimized for
Fr(D) = R)A= A" (say) and F3(D)= R()B = B (say). (3.11)
Thus, the minimum MSE of d; is given by
MSE(d>) = MSE(Ru(1—r)) — 0* Rl B(o) = min.MSE(d)). (3.12)
It follows from (3.12) that to the first degree of approximation the minimum MSE of
d, is equal to that of d; (i.e. min.MSE(d>) = min.MSE(d)) and is not reduced.

Furthermore, we note that the estimators of the type

R y()(n—r) +al(u('l—") -D
da1y = Ryn—ry + @1 (U (n—ry — 1), droy ==
)] a(n—r) (n=r) @ Yi(n—r) +a2(u(n*") - D

are members of the family d, but not of dy, where «;, i = 1, 2, are real constants.
Remark 3.1 The following families of estimators of Ry):

di(ty = Ran—r) f(u—r)) (only Y2 of y, is known) (3.13)
and
d12y = Ru(n—r) f (Wn_r)) (only S7 of y; is known), (3.14)

are members of the family d;, where f(u(,—,)) and f(v(,—r)) are the functions of
U(n—ry and v(,_r, respectively, such that f (1) = 1. The bias of d; (1) and dj(2) can be
obtained from (3.2) just by putting [f1(1, 1) = fi(1), fir(1, 1) = fi (D), fa(1, 1) =
Fia(,1) = (1, 1) =0T and [A(1, 1) = (1), (1) = fn(l), and fi(1,1) =
f12(1, 1) = f11(1, 1) = 0]. The MSEs of d(1) and d(2) can be obtained from (3.3) by
putting [ f1(1,1) = f1(1), f2(1) = 1] and [ f2(1, 1) = f2(1), f1(1) = 1]. The MSEs
of di(1) and d () are, respectively, minimized for

@ Springer
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fil)=—K(y (3.15)
and
f2(1) = —dw)/(roos — 1), (3.16)
which give the minimum MSEs of d; (1) and dj(2), respectively, as
min.MSE(dy(1)) = MSE(Ry(n—r)) — 0% R(, C3 Ky (3.17)
and
min.MSE(d12)) = MSE(Ru(n—r)) — 0% R()di/ (004 — 1). (3.18)
Remark 3.2 The following are the families of estimators of Rq):
dry3) = F(Iéa(,,,r), Up—ry) (only Y, of y2 is known), (3.19)
and
daay = F(Ra(n—r)» Vu—r)) (only S3 of y, is known), (3.20)

where F(Iéa(n_r),u(n_r)) and F(Iéa(n_r), v(n—r)) are the functions of (Iéa(n_r),
u(n_,)) and (Ra(n—r)y U(n—r)) such that F(R(a), 1) = R(a) and F) (R(a), 1)=1.

The biases of dy3) and dp4) can be obtained from (3.9) by putting [F2(D) =
F»(R@), 1), F12(D) = F12(R@), 1), F13(D) = F3(D) = F33(D) = 0] and [F33(D)
= F33(R), 1), F13(D) = F13(R), 1), F22(D) = F12(D) = F23(D) = 0], respec-
tively. The MSEs of d3) and d>(4) can be obtained from (3.10) by putting [F2(D) =
F,(R), 1), F3(D) =0] and [F3(D) = F3(R(w), 1), F2(D) = 0], respectively. The
MSE:s of dy(3) and da(4) are, respectively, minimized for

Fr(Riy: 1) = =R K () (3.21)
and
F3(R@), 1) = =R(@)d(a)/(hoos — 1). (3.22)
Thus, the resulting minimum MSEs of d53) and d54) are, respectively, given by
min.MSE(d) (1)) = min.MSE(ds3)) = MSE(Ru(un—r)) — 0*R(, C3K(,,  (323)
and
min.MSE(d)(2)) = min.MSE(d4))
= MSE(Ru(u-r) = 0" Riydiyy/Ghoos = 1. (3.24)

Now we state the following corollary:
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Family of estimators using random nonresponse 575

Corollary 3.1 Up to terms of order n™!,

(i) MSE(di(1) or do(3)) = [MSE(Ru(n—r)) — e*R(Za)CgKfa)],
with the equality holding if f1(1) = —K) for diq), and if F2(R), 1)
= —R(a) K(O,) for d2(3). R

(ii) MSE(di() 0r dy)) = [MSE(Run—r) — 0% R, diy, /(hooa — 1],

with the equality holding if f>(1) = —d)/(hova — 1), and if F3(Ra). 1)
= —R()d()/(hoos — 1) for dya).

Remark 3.3 It is to be mentioned here that all the families of estimators dy, dy(1),
di), d>3) and da4) are members of the family d>. The biases and MSEs of these
estimators can be obtained from (3.9) and (3.10), respectively, by putting the suitable
values of the derivatives, as per Table 2.

Remark 3.4 1f we set « = 0 in (3.1) and (3.8), we get the families of estimators of
the population mean Yy as

1 _
df )= You—r) S U—r)s Vn—r)) (3.25)
and
a1 _ -
dy " = F(Yom—r)> U(n—r)» V(n—r))> (3.26)

where f(u@—r), Vu—r)) and F(Yo@—r), U(n—r)> V(n—r)) are the functions of (u(,—y),
Vn—r)) and (Yo—r), U(n—r), V(n—r)), respectively, such that f(1,1) =1 and F(Dy) =
Yo implies that Fj(Dg) = 1. The biases and MSEs of dl(l) and dél) can be ob-
tained from ((3.2), (3.3)) and ((3.9), (3.10)), respectively, by putting « = 0. The opti-
mum values of (fi(1, 1), f2(1, 1)) and F>(Dy), F3(Do)) for which the MSEs of d'"

and dél) are minimum, and the minimum MSEs of dl(l) and dél) can be obtained

Table 2 Values of the derivatives

Estimator Fy(D) F3(D) Fi2(D) Fi3(D)
di Ry f1(1,1) Ry 21, 1) Sl D fH(1 1)
dy(1) R f1(1) 0 f1() 0

di) 0 R f2(1) 0 f 1)

dy3) F(R). D 0 F12(R), D 0

dy4) 0 F3(R), 1) 0 F13(R), 1)
Estimator F (D) F>»3(D) F33(D)

dj R f11(1, 1) Ry f12(1, 1) R f22(1, 1)
di() R f11(D) 0 0

di(2) 0 0 R f22(1)
d3) Fp(Rey» 1) 0 0

dy4) 0 0 F33(R(g), 1)
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Table 3 Values of the derivatives

Estimator F>(D) F3(D) Fi2(D) Fi3(D)
aV Yo fi(1,1) Yo fa(1, 1) AAD A
dél) F>(Do) F3(Do) F12(Dy) F13(Dy)
di), Yo f1(1) 0 0 0

ai, 0 Yo f2(1) 0 f()
i), F>(Yo. 1) 0 Fia(%o, 1) 0

dég) 0 F3(Yo, 1) 0 Fi3(Yo, 1)
Estimator F>(D) F>3(D) F33(D)
a;" Yo (1. 1) Yofi2(1. 1) Yo (1)
a3V Fx(Dy) F23(Do) F33(Dy)
af(l, Yo fi1 (1) 0 0

di, 0 0 Yo faa (1)
d;{) Fy (Yo, 1) 0 0

dég) 0 0 Fs33(Yo, 1)

from ((3.6), (3.11)) and ((3.7), (3.12)), respectively, by putting & = 0. The common
min.MSE of d\" and d" is
min.MSE(d\") = min.MSE(d}")
=0*S5[1 — pg, — (Roozpoz — A102)%/A]. (3.27)

Thus, by putting o« = 0 in Theorem 3.1, we get the following corollaries:

Corollary 3.2 Up to terms of order n™",

(i) MSE(d") > 6*S2[1 — pZ, — (003002 — 2102)2/A],
with the equality holding if f1(1,1) = A1 and f>(1,1) = By,

(ii) MSE(dy") > 0*S3[1 — pg, — (hoo3poz — 1102)2/ 4], )
with the equality holding if F>(Do) = YoA11 and F3(Dgy) = YoB11, where Ay
and B11 can be derived from A and B, respectively, by putting o = 0.

Remark 3.5 The following classes are estimators of the population mean Yy:

dll(l) = Yo(—r) f (Un—r))  (only Y, of y2 is known), (3.28)
d} () = Jo—r) f Wu—r))  (only 83 of y, is known), (329)
dzl(l) = F(Yo(—r), U(n—r)) (only Y, of y, is known), (3.30)
dzl(z) = F(Yo(—r), Vn—r))  (only S% of y; is known), (3.31)
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where f(uu—r)s f@@-r))s FYo@m-r)s Un—r)) and F(Yon-r)> V(n—r)) are the func-
tions of u—ry, V(n—r), and (Yo(u—r)» (n—r)) and (You—r), V(n—r)), respectively, such
that (1) =1 and F(Yy, 1) = Yy which implies that F(Yy, 1) = 1. It is to be noted
that (i) d 11(1) and dl1 @ and (ii) dzl(l) and d21(2), are members of d| and dy, respectively.
Thus, the biases and MSEs of these estimators can be obtained from (3.9) and (3.10),

respectively, by putting « = 0 and the suitable values of the derivatives from Table 3.
The optimum values of the derivatives, for which the MSEs of dﬁi), dfg), dég),

and dé% are minimum, and the minimum MSESs of these estimators can be obtained
from (3.15), (3.16), (3.17), (3.18), (3.21), (3.22), (3.23), and (3.24) just by putting
o = 0. The minimum MSEs of d](é;), dl(g), dég), and dég) are, respectively, given by

min.MSE(d})

() = min.MSE(dy(})) = 6*S5(1 = pg) (3.32)

and

min. MSE(d{ }) = min.MSE(dy})) = 0*Sg (1 — 3o/ (hoos — ). (3.33)

Thus, we state the following corollary by putting & = 0 in Corollary 3.1.

Corollary 3.3 Up to terms of order n=!,

@ MSE(de) or d%)) > 6*S5(1 — pin)-
with the equality holding if f1(1) = — Koy for dﬁ{), and isz(I?o, 1) = —YoKo»
40
for )
(ii) MSE(d], ordy) = 0%82(1 — 330,/ (hoos — 1)),
with the equality holding if f>(1) = —i02Co/(hoos — 1) for dipy). and if
F3(Yo. 1) = —Yor102Co/ (hoos — 1) for dy) .

It is to be noted that the estimator
1 _ _
dé(;) = You—r) — 1 Y2(U—r) — 1),

suggested by Singh et al. (2000), is a particular member of the family déH) but not

(o§ gig)i), where a1 is a constant. The minimum MSE of dég) is the same as given by

3.1.1 Estimators with estimated optimum values

It is to be noted that the optimum values of the parameters involved in estimators
depend on unknown population parameters such as Ago3, Aoo4, A102, 2012, C2, Ko1,
Koo, ..., etc. Thus, to use such an estimator one has to use guessed or estimated
values of these parameters. Guessed values of population parameters can be obtained
from either past data or experience. If the guessed values are not known then it is
advisable to use sample data at hand to estimate these parameters. The estimated
optimum values of fi(1,1) and f>(1, 1) are given by

fil,h)=A and f»(1,1)=B. (3.34)
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In case of estimated optimum values we find the MSE as follows: from the regularity
conditions, defined in the Appendix, for d; we desire a function f(u@—r), Vi—r))
such that f(1,1) =1, fi(1,1) = A, f>(1,1) = B, which indicates that the func-
tion f (U (z—r), V(n—r)) Will contain not only u,—,), v(,—r) but A and B as well, and,
thus, we need a function f*(u@—r), Vu—r), A, B) such that f*(Z2) =1, f{(Z) =

A, f3(Z) = B. Since in such function f*(u¢—p), Vin—r)» A, B) so required, A and

B are unknown, we may take f**(u(—r), Vin—r), A, B) S Win—r), Vir—r)s A, B)
(replacing A, B by their estimated values). Now f*(Z) =1, f*(Z) = A, f}(Z) =
We may consider

~

dr = ]%a(n—r)f*(u(n—r), V(n—r), A, é) (3.35)

as an estimator of R(y). Expanding f*(u¢—r), Viu—r), A, E’) about the point Z into
Taylor’s series, we have

dik = R?a(nfr)[l + (u(nfr)fl)fl*(z) + (U(nfr) - l)fz*(Z)

+A-ADF2)+B-B L2+
Then in terms of ¢;’s we have

dT — ﬁ(a) =R, [eo —ael +exA+esB+ (eg —aer)erA+ (eg —aey)esB
+A-ADFZ+B-B @)+ (3.36)

Squaring both sides of (3.36) and taking expectation, we have the MSE of d} equal
to the minimum MSE of d in (3.7) if f5(Z) =0, f;(Z) = 0. Thus, if we consider
the family of estimators (depending upon estimated optimum values)

~

dik = Ra(n—r)f*(u(n—r), V(n—r), A, é) (3.37)

such that f*(Z) =1, f*(Z2) = A, f(Z) =B, f;(Z) =0 and f;(Z) =0 such an
estimator di‘ attains the min .MSE(d), given in (3.7).

Now we state the following theorems. Proofs can also be obtained by following
Randles (1982).

Theorem 3.2 The family of estimators (based on estimated optimum values) of R(q),
defined by

dik = Iéa(nfr)f*(u(nfr), U(}’L*I‘)5 AA, é)5

has the MSE to the first degree of approximation equal to the minimum MSE of d,
that is,

MSE(d}) = MSE(Ru(u—r)) — 0* R, B(a) = min. MSE(d}),

where f*(u(n_,),v(n_,),A,é) is a function of (u(,,_,),v(,,_,),/i,f?) such that
f (2)=1, ff{(Z2)=A, f;(Z)=B, f;(Z)=0,and f;(Z) =
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Theorem 3.3 A wider famlly of estimators (based on estzmated optimum values)
of R, defined by d* = F* (Ra(n ) Un—r)s V(n—r) A B) has the MSE to the first
degree of approximation the same as the min.MSE of d», given by (3.12), i.e.,

MSE(d3) = MSE(Ra(u—r)) — 6" R%, Ba) = min.MSE(d2),

w:heAre F(Iéa(n_,),u(n_,),v(,,_,),A,é) is a function of (ﬁa(n_r),u(n_,),v(n_,),
A, B) such that F*(Q*) = Rw), F{(Q*) =1, F;(Q*) = A*, F{(Q") = B",
Ff(Q*)=0and F¥(Q*)=0

In similar fashion many other families of estimators of the ratio R () based on esti-
mated optimum values can be derived. Furthermore, we state the following theorem:

Theorem 3.4 Estimators of the minimum MSE of dy (or d) or MSE of df (or dy),
dfl) (or dél)), and dl(g) (or dé(%)) are, respectively, given by

min.MSE(d)) = min.MSE(d,) = MSE(d3)

A*
— ~ 2 /\2 /\2 2( _ )
= MSE(Ry(n—r)) — o* Ra(n r){Kot(n—r)CZ(n—r) - #}
Awm—r)
min.l\fS\E(dl(l)) = min.lqs\E(dél))

Ax

~2
=0"s (n r) [1 = Po2(n-r) ~

{5‘003('!—"):602(n—r) - ilOZ(n—r)}2i|

Aw-r)
and
min.MSE(d{},) = min.MSE(d3},)
= é*sg(n—r) (1- 1632(11—;*))’
where

MSE(]%“("—V)) = é*ﬁg(nfr) [é(%(nfr) + Olég(nfr) {o — IeOl(ﬂ—V)}]'
3.2 Strategy 11

We consider the situation when information on variables yp and y; cannot be obtained
for r units, while the population mean Y> and the variance S% of the auxiliary variable
y2 are known. We propose the following family of estimators of R(q)

dy = a(n r)d)(u v), (3.38)

where ¢ (u, v) is a function of (u, v) such that ¢(1,1) = 1 and satisfying certain
conditions similar to those for f(-) in d;. Up to terms of order O(n~ 1), the bias and
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MSE of d3 are, respectively, given by

Bds) = BlRun-) + o 2K 0 G391 (1, 1) + 2y 1, 1)
+C3p11(1, 1) + (hoos — Dpaa(1, 1) + 22003 C2¢p12(1, D] (3.39)
and
MSE(d3) = MSE(Ra(u—r))
+ORL[C30T (1, 1) + (hoos — D3 (1, 1) +22003C21 (1, Do (1, 1)
+ K@ C21(1, 1) + 2d@y¢o(1, D] (3.40)

The bias and MSE of an estimator belonging to the proposed family d3 can be easily
obtained from (3.2) and (3.3), respectively. The MSE of d3 is minimized for

¢1(1,1)=A and ¢ (1,1)=B. (3.41)
Thus, the resulting minimum MSE of d3 is given by
min.MSE(d3) = MSE(ﬁa(n_,)) — BR(ZQ)B(Q), (3.42)
where MSE(I@OZ(”,,)) is given by (3.5). Thus, we state the following theorem:

Theorem 3.5 Up to term of order n™!,

MSE(d3) > [MSE(Ra(u—r)) — O R}y B |-
with the equality holding if $1(1,1) = A and ¢»2(1,1) = B.
A family of estimators wider than d3 is defined by
dy =P (Ry(u_ry» t, V), (3.43)
where @(Iéa(,,,r), u,v) is a function of (Iéa(,,,r), u, v) such that @ (D) = R(y) and

@1 (D) = 1. The bias and MSE of d4 to the first degree of approximation are, respec-
tively, given by

A 0
B(ds) = B(Ry(n—r)) + E[2R<a>K(a)cgqmuo) + 2R (o) d() P13

+ C3®20(D) + (hoos — DP33(D) +20003C2P23(D)]  (3.44)
and
MSE(ds) = MSE(Ry(1—r)) +8[C3®3(D) + (ho0s — 1)P3(D)
+21003C2P2(D)P3(D) + 2R (0) K () C3 P2(D)

+ 2R()d (o) P3(D)]. (3.45)
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The MSE of dj is minimized for
®3(D) = Rig)A = A* (say) and @3(D) = R B = B* (say), (3.46)
and the resulting minimum MSE of d4 is given by
min. MSE(dy) = [MSE(Ra(u—r)) — O R, B |- (3.47)

It follows from (3.47) that to the first degree of approximation the minimum MSE of
dy is equal to that of d3 (i.e., min.MSE(d4) = min.MSE(d3)) and is not reduced. The
difference type estimator, d4(1) = Iéa(n_,) +ai(u—1)+ az(v — 1), is a member of
the family d4, but not of ds.

Remark 3.6 The following are classes of estimators of Rq):

dyl) = Ruu-r®(@)  (onlyYs of y; is known), (3.48)
dﬂ% = Ry(i_r¢(v)  (only 83 of yy is known), (3.49)
dﬂ% = & (Ry(n_r),u) (only Y3 of y; is known), (3.50)
dﬁi) = ®(Ry(n_r).v) (only S3 of yy is known), (3.51)

where ¢ (u), ¢ (v), d)(]éa(n,r), u) and d)(l@a(n,r), v) are the functions of u, v,
(Iéa(n,r), u) and (Iéa(,,,r), v), respectively, such that ¢ (1) = 1 and ¢ (R(y), 1) = R(w)
which implies ¢1(R(y), 1) = 1. The biases and MSEs of these classes of estimators
can be easily obtained from (3.44) and (3.45), respectively, for suitable values of the
derivatives.

Remark 3.7 The following are families of estimators of the population mean Yy:

di(()i) = Yon—r)® (u, v), (3.52)
d, = @ (Fom—r). 11, V), (3.53)
A\ = Fo—nd @), (3.54)
) = Fo-nd W), (3.55)
dyly = D Go—r). 1), (3.56)
and
dig, = @ (Fom—r). v). (3.57)

where ¢ (u, v), @ (Yowm-r), u, V), ¢ W), ¢(v), D Yow-ry, ), and @ (Yowu-r), v) are
the functions of (u, v), (Yo—r), 4, v), W), (v), (Yo—ry, ), and (Yomu—r), v) such
that ¢(1,1) = 1,¢(1) = 1, @Yo, 1) = Yo which implies that @1(¥p, 1) = 1, and
@ (Dy) = Yo which implies @ (Dg) = 1. The biases and mean squared errors of these
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estimators can be obtained from (3.44) and (3.45) by putting « = 0 and taking suit-

able values of the derivatives. The minimum MSE of d i(();) (ord A(,(()%)), d A(,(();) (ord i(();)),

and d i(()i) (ord i(()é)), respectively, are

min MSE(d}}) = min. MSE(d{) )

A —A102)?
— 953[1 - W] +(0F —0)SE. (3.58)

min MSE(d{ ) = min MSE(d{(3)) = 053 (1 — p3,) + 0" —0)S3.  (3.59)
and

min. MSE(d}(} ) = min. MSE(d{)

)\2
=083 1 - —192 |1 (0" -0)s3. (3.60)
(Roos4 — 1)

Theorem 3.6 Up to terms of order nt,

(A003002 — A102)°
[+ @ -0,

with the equality holding if $1(1,1) = A1y and ¢o(1,1) = Byy for dyy),. and if
@, (Do) = YoA11 and ®3(Dg) = Yo B for di(()%).
(ii) MSE(d{Q}) or dys) = 0S2(1— p3,) + (6* — 0)S3,
with the equality holding if ¢1(1) = — Koy for df();), and if ®2(Yy, 1) = — Ko Yo
(0)
for d4(5).

(i) MSE(dy), or dj)) > osg[l — 03—

)\2
) ) 102 2
(iii) MSE(dyy) or dy)) = esg[l ~ Gons D 1)] + (0% —0)S2,
with the equality holding if ¢2(1) = —A102Co/(hoos — 1) for dy,). and if

> > 0
$3(Yo, 1) = —1102Co Y0/ (hoos — 1) for di(éy
It is to be noted that the estimator

N _
di), = Fom—r) — 2¥o(u — 1)

of the population mean Yy, suggested by Singh et al. (2000), is a member of the

family d), (or di)) in (3.56) (or (3.53)) but not of dy}, in (3.54), where a is

a constant. The minimum MSE ofdi?;) is the same as given by (3.59).
3.2.1 Estimators with estimated optimum values

The consistent estimators of optimum values ¢ (1, 1) and ¢>(1, 1), based on sample
data at hand, are

¢1(1,1) = A (say) and (1, 1) = By (say). (3.61)
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Thus, the resulting family of estimators of Ry is defined as
df = Ryu—r®*(u, v, A1, B), (3.62)

where ¢* () is a function of (u, v, A1, By) such that ¢*(Z) = 1, ¢3(Z) = A, $3(2)
=B, ¢§‘(Z) =0, and ¢I(Z) = 0. It can be shown that to the first degree of approx-
imation MSE(d§k ) = min.MSE(d3), where min.MSE(d3) is given by (3.42). Further-
more, a family of estimators (based on estimated optimum values) of R ) wider than
d3 is defined by

d;lk = ¢*(R€0((Vl7r)a u,v, AATa éik)a

where @*(ﬁa(n_r),u, v, AT, I§;‘) is a function of (Ra(n_r),u, v, AT, é;“) such that
D(Z*) = Ry, P{(Z") =1, ®;(¥) = IP (o) ’w: A*, @F(Z*) = B*, 9} (Z") =

ou
0, and @3(Z*) = 0. It can be proved that to the first degree of approximation

MSE(d}) = min.MSE(dy), where min.MSE(dy) is given by (3.47). Similarly, vari-
ous families of estimators of R, based on estimated optimum values can be defined.
Consistent estimators for estimating the minimum MSEs of various families are given
in the following theorems.

Theorem 3.7 Estimators of the minimum MSE of d3 (or MSE of d), di(()i) (or di(()%)),

0 0 0 0 . .
di(;) (or di(;)) and di(‘)‘) (or di(é)) are, respectively, given by

min. MSE(d3) = MSE(d%)

= MSE(Ry(1—r))

A A~ A ([2* j\”0036‘2 - 6;’ot(n—r))z
2 *2 A2 (@)
004 — Agp3 —

min MSE(d{(),) = min.MSE(d{) )

(003 P02 (n—r) — iloz(nr))z}

N2 A2
= 9%-n [1 e hooa — A3 — 1

N 1 ,
S ,
”l(/]’\+2ﬁ n 0(n—r)

min. MSE(d}},) = min. MSE(d{)
1 Iy, 2 52
- <m B Z)SOM—r) +050-r) (1 = Po2a-n))+
and

min.MSE(d."),) = min.MSE(d%)

A

A 1 1
_ 952 1— A102(n—r) + 1 52 )
O(n—r) { ()\,004 _ 1) I’lé + 2[3 n a(n—r)
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3.3 Strategy III

We again consider the situation when information on study variables yp and y; can-
not be obtained for  units while information on the auxiliary variable y, is obtained
for all the sample units. But the population mean Y> and the variance S% of the auxil-
iary character y, are not known. Under these circumstances we define the following
family of estimators of Ry)

A

ds = Ra(n—r)a(u*s v¥), (3.63)

where a(u*, v*) is a function of u* and v* such that a(1, 1) = 1 and satisfying certain
regularity conditions, as given in (3.1). To terms of order n~!, the bias and MSE of
ds are, respectively, given by

R
2

+24003C2a12(1, 1) + 2K (@) C3a1 (1, 1) + 2d(@yaz (1, D] (3.64)

B(ds) = B(Ru(u—r)) + (0* = 6) [C3ari(1, 1) + (hoos — Dan(1,1)
and
MSE(ds) = MSE(Ru(n—r)) + RZ(,_,, (0" —0)[C3ai (1, 1)

+ (hoos — DaZ(1, 1) 4 22003Caa1 (1, Daa(1, 1)
+2K@C3ai(1,1) + 2dax (1, D]. (3.65)

The MSE(ds) is minimized for
a;i(l1,1)=A and ax(1,1)=B. (3.66)
Thus, the resulting (minimum) MSE of ds is given by

min.MSE(ds) = MSE(Ra(u—r) — (0" — 0)R%, B(a)

= min.MSE(d)) + 0 R}, B(w). (3.67)
where min.MSE(d) is given in (3.7). Thus, we have the following theorem:

Theorem 3.8 Up to terms of order n~!, MSE(ds) > min.MSE(d;)+6 R(za) B(q), with
the equality holding if a1(1,1) = A and a>(1, 1) = B.

Now we define a wider family of estimators for R(y), namely,
do = A(Ra(nry, u*, v¥), (3.68)

where A(Iéa(,,,r), u*, v*) is a function of (Iéa(,,,,), u*, v*) such that A(D) = Ry
and A1(D) = 1. To the first degree of approximation the bias of MSE of dg are,
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respectively, given by
B(ds) = B(Ran—r))
0" —0)r
+ — [C5A2(D) + (Aoos — 1)A33(D) + 24003 C2A23(D)
+ ZR(O{) C%K(Q)Alz(D) + 2R(a)d(a)A13(D)] (3.69)
and
MSE(ds) = MSE(Ry(u—r)) + (0% — 0)[C3A3(D) + (roos — A3(D)
+22003C2A2(D) A3(D) + 2R(0) C5 K (@) A2(D)
+ 2R()d (o) A3(D)]. (3.70)

The MSE(dg) is minimized for
A2(D) = ReyA = A* and A3(D) = R(e) B = B*. (3.71)
Thus, the resulting minimum MSE of dg is given by
min.MSE(dg) = min.MSE(ds), (3.72)

where min.MSE(d5) is given by (3.67). Thus, we see that the family of estimators dg
is wider than ds but its minimum MSE is the same as that of ds5 and is not reduced. It
is to be noted that the difference type estimator:

de(1y = Iéa(n—r) +oaiw* =D +a@* —1)
is a member of dg, but not of ds.
Remark 3.8 The following families of estimators of Rq):
1 5 1 5
dé(i) = Ra(”—f)a(u*); dé(%) = Roc(n—r)a(v*);
1 5 1 5
dé(;) = A(Ry(n—r)> u®); dé(i) = A(Ry(n—r)> v*)

may be identified as members of the family dg and their biases and MSEs can be
obtained from (3.69) and (3.70), respectively, where a(u*), a(v*), A(Iéa(n_r), u*)
and A(Iéa(n_r)yv*) are the functions of u™*, v*, (ﬁa(n_,), u*) and (ﬁa(n_r), v*) such
that a(1) =1 and A(R(y), 1) = R(s) Which implies Aj(R(y), 1) =1.

Remark 3.9 If we set « =0 in ds, dg, d((jl; Jj=1,2,3,4, we get the families of

estimators for the population mean Yy as

0 = 0 - 0 -
dé(;) = yO(nfr)a(u*a U*); dé(%) = A()’O(nfr)’ u*’ U*); dé(;) = y0(n7r)a(u*);
0 - 0 - 0 -
diy = Fou-naW®);  dih = AGow-n. 1" dig = AGom—r- "),
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where a(u*, v*), AGou—r), u*, v*), a@*), a@*), A(Yom-ry, u*), A(Yom-r), v*) are
the functions of (u*, v*), You—r), 4™, V™), Gowm—r), u*) and (You—ry, v*) such that
a(1,1) =1, A(Dg) = Yo which implies Aj(Dg) =1, a(1) =1, and A(Yp, 1) = ¥
which implies that A (Yo, 1) =1. Putting o = 0 and suitable values of derivatives in
(3.65) and (3.70), the biases and MSEs of these estimators can be easily obtained.

The minimum MSEs of the estimators d((jl)) j=1,2,3,45,6, are given by
min MSE(dg}) = min. MSE(dg,) )

(h003002 — A102)? ” (3.73)

:sg[e*—(e*—e){p32+ N

min MSE(dg 3 ) = min MSE(dg})) = S3[6* — (0" = 0)(1 — p3,)].  (3.74)
and

min.MSE(dy,) = min. MSE(dg)))

2|: * * { )L%O2 }]
=826% — (0" —o){1 — 12 _1 1| (3.75)

Aoos — 1
Thus, we establish the following theorem:

Theorem 3.9 Up to terms of order n=!,

(ho03p02 — A102)?
A 9
with the equality holding if a1(1,1) = A and a>(1,1) = B for dé(()i), and if
Ax(Dg) = YoA11 and A3(Dg) = Yo By, for dé(()%)~
(ii) MSE(dgy, or dis)) = S2[6* — (6* — 0)(1 — p)].
with the equality holding if a1 (1) = — K for dé(()g), and ifAz(l?z, 1)=—-YoKo2
(0)
for d6(5).
52
(O] ) 2| px * 102
(iii) MSE(d%. ord®.) > s [9 —(® —9){1——}],
( 6(4) 6(6)) 0 )\‘004 -1
with the equality holding if ay(1) = —r102Co/(hoos — 1) for diyy,. and if

A3(Yo. 1) = —Yor02Co/ (hoos — 1) for dg.

: © 0y 2
(i) MSE(dy), ordiy) = S3 [9* — (6" - 9){,002 +

It is to be mentioned that the estimator dé(();) = Jo(—r) + @3y2(u* — 1) is a member
of dé(g)'(or .dé?%)) but not of dé(()%) (or dé?i)). It can be shown that to the first degree of
approximation

min.MSE(dy),) = min.MSE ({3, ), (3.76)
where min.MSE(dé(()g)) is given by (3.74). The estimator dé(();) is due to Singh et al.
(2000).
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3.3.1 Estimators based on estimated parameters

The estimated optimum values of aj(1, 1) and a>(1, 1), based on sample observa-
tions, are, respectively, given by

a1(1,1)= A, (say) and a»(1,1) = B, (say). (3.77)
Thus, we define a family of estimators (based on estimated optimum values) for R(q):
d¥ = Ryu-na*(u*,v*, Ay, By), (3.78)

where a*(-) is a function of (u*,v*, Ay, By) such that a*(Z) = 1, aj(Z) = A,
ay(Z) = B, a5(Z) =0, and a}(Z) = 0. It can be shown that to the first degree of
approximation

MSE(dZ) = min.MSE(ds),

where min.MSE(ds) is given by (3.67).
Furthermore, a wider class of estimators (based on estimated optimum parameters)
of R(y) is defined by

di = A*(Ray(u—ry, u*, v*, A3, BY), (3.79)
where A*(+) is a function of (ﬁa(n_r), u*, v, A’z‘, f?;‘) such that A*(Q) = F(O‘)’
A7(Q) = 1. A3(Q) = A%, A3(Q) = B*. A}(Q) = 0, AZ(Q) = 0 with A} =

ﬁa(n_r)A2 and é; = ﬁa(,,_r)lg’z. It is easy to verify that to the first degree of ap-
proximation

MSE(dg) = min.MSE(d%) = min.MSE(dp),

where min.MSE(d5s) is given in (3.67). The estimator
di gy = Rauory + A5 — 1) + B3 0" — 1)

is a particular member of the family dg. The MSE of dg , to terms of order n~!, is
same as that of 5.

Similarly, many other families of estimators based on estimated optimum values
can be defined with their approximate MSEs formulas.

Below we give consistent estimators of the minimum MSEs of families of estima-
tors.

Theorem 3.10 Estimators of the minimum MSE of the families of estimators ds (or
0 . 0 0 0 0

ds) (or MSE of d5 or df), dé(;.), j=1,2, dé(%) (or dé(g)) and dé(i) (or dé(%)) are,

respectively, given by

min.MSE(d;) = MSE(d})

= min. MSE(Ru(n—r) — (0% — O)R3 ) Ba(u—r).
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min.l\fS\E(dé(()})) = min.@(dé?%))

= sg(nfr)[é* — (6% - 9)@32(;14) + éo{(n—r))]7

min.l\//IS\E(dé(()%)) = min.l\//IS\E(dé(();))

= 50— [0 + @ = O (1 = Py ]
and

min.l\//IS\E(dé(()i)) = min.l\//IS\E(dé(()é))

= 50-n [0 + @ —O{1 = 15050,/ Goos — D},

where j =5, 6 and min.qu\E(Iéa(n_r)) is given in Theorem 3.4.

4 Efficiency comparisons
From (3.5), (3.7), (3.23) and (3.24) we have
MSE(Rq(n—r)) — min.MSE(d}) = 6 R(,) Ba) > 0,

MSE(Ry(n—r)) — min.MSE(dy (1)) = 0*R(,,C3K,) > 0,

MSE(Rq(n—r)) — min.MSE(d12)) = 0*R%,de) / (hoos — 1) > 0,

. . _ pxp2 A%
min.MSE(d (1)) — min.MSE(d;) =0 R(“)Z >0,

min.MSE(d}(2)) — min.MSE(d))

5> {K@Ca(hooa — 1) — dia)r003)> -0
@ (roos — Ao3 — D(hoos — 1)

Thus, we have the following inequalities:

=6*R

min.MSE(d;) < min.MSE(d}(1y) < MSE(Ry(u—r))
and
min.MSE(d;) < min.MSE(d;2)) < MSE(Ry(1_r)).
It is well known that
Var(Fou—r)) = 0*55.
From (3.27), (3.32), (3.33) and (4.8) we have

_ . |
Var(3om—r)) — mln.MSE(dl(({)) = Q*Sgpgz >0,

Var(Jo(—r)) — min.MSE(d{ ) = 0* 3130,/ (o0 — 1) 2 0,

min.MSE(dl(g)
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min.MSE(d}3,) — min.MSE(d;")
= 6" 53 (po2(hovs — 1) — Ar02h003) /4 = 0. 4.12)
Thus, we have the following inequalities:
min.MSE(d{") < min. MSE(d}(},) < Var(Sow—r)) (4.13)
and

min.MSE(d;") < min. MSE(d{3,) < Var(o—r)- (4.14)

It follows from (4.13) and (4.14) that the estimator d{l) is more efficient than yo(,—r),
d\},. d}p5, and Singh et al. (2000) estimator d3} .
Similarly, the following inequalities can be easily proved:

min.MSE(ds) < min.MSE(dy},) < MSE(R(u—r) (4.15)
and
min.MSE(d3) < min MSE(d}},) < MSE(Ra(u—))- (4.16)

Thus, from (4.15) and (4.16) it follows that the suggested family of estimators d3 (or
d_;f or dy) is better than the conventional estimators Iéa (n-r)> 4 ‘(13) (ord ﬂ;)) and d 58)
(ord ﬁi)).

Due to (3.58), (3.59), (3.60) and (4.8), the following inequalities hold:

min.MSE(dy),) < min.MSE(d}})) < Var(Fow—r)) 4.17)
and
. 0 . 0 -
min.MSE(dj),) < min.MSE(dj} ) < Var(Gow—r)- (4.18)

Thus, the proposed estimator d, i(()i) (ord ‘(‘((2)) is better than the usual unbiased estima-

tors Jo—r)» dig) (or dis)). djy) (or djgy) and Singh et al. (2000) estimator () .

Furthermore, it can be easily proved that

min.MSE(ds) < min.MSE(dg},) < MSE(Ra—r)) (4.19)
and
min MSE(ds) < min.MSE(dg})) < MSE(Ra(n—r)). (4.20)

Thus, the proposed family of estimators ds (or dg) is more efficient than ﬁo(n_,),

(1) (1) (D (D
d6(1) (or d6(3)), and d6(2) (or d6(4)).
From (3.73), (3.74), (3.75) and (4.8) it is easy to see that

min MSE(dg})) < min.MSE(d((}) < Var(Fow—r) 4.21)
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and
- 0) . ©0) .
mm.MSE(dﬁ(l)) < m1n.MSE(d6(4)) < Var(Yo@u—r))- (4.22)
1

It follows from (4.21) and (4.22) that the estimator déo) (or dé(;)) is more efficient

(1)
than the estimators yo(;,—r), dé(()%) (or dé(g)), dé(()i) (or dé}é)) and the estimator dé(();) due

to Singh et al. (2000). From (3.7), (3.42) and (3.67) we have
min.MSE(d3) — min.MSE(d)) = (0* — 0)R(,, A3/A > 0 (4.23)
and
min.MSE(ds) — min.MSE(d3) = 0 R, B(a) > 0. (4.24)

It follows from the above inequalities that the proposed family d; (or df) is the best
among all the estimators discussed in the present investigation.

5 Conclusion

The paper has suggested families of estimators of the parameter R(y) in the presence
of random non-responses together with their biases and mean squared errors. The
proposed families include several classes of estimators of the parameters R(,) whose
biases and mean squared errors can be obtained easily. Thus, the proposal of fami-
lies of estimators is justified as they unify several results. It has been shown that the
proposed families are better than usual estimators as well as several other families of
estimators. It is interesting to note that the families of estimators based on ‘estimated
optimum values’ have the same mean squared errors up to the first degree of approxi-
mation as that of optimum estimators in the families which depend upon the unknown
population parameters. This paper also provides several families of estimators of the
population mean Y, which are better than conventional unbiased estimator and Singh
et al. (2000) estimators. Finally, it is found that the proposed family d; (or d}) or d>
(or d3) is the best in the sense that it has least minimum MSE.
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Appendix. General notations

The following notations have been used throughout the paper:

N: number of units in the population;

n: number of units in the sample;

r: number of sampling units on which information could not be obtained due to
random non-responses (r =0, 1,2, ..., (n —2));
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p: the probability of a non-response among the (n — 2) possible values of non-
responses;

1= p; ~\n N) " \ng+2p N)’ N ’

SRSWOR: simple random sample without replacement;

(n —r): number of remaining units in the sample treated as SRSWOR sample from
the population;

B(-): bias of (-);

MSE(-): mean squared error.

For the variates yg, y1, and y> in the population:

17,- =N"1 Z;V:l vij: the population mean of the ith variate y; (i =0, 1, 2);

R = Yo /17 h Y1 = 0): the population parameter under study;

«: a scalar taking values 0, 1 and —1;

C;: the population coefficient of variation (CV) of the variate y; (i =0, 1, 2);

pir = Si1/(SiS1), i # I: the population correlation coefficient between the variates
yiand y; (i #1=0,1,2);

N
(N=DSy=> ij =YD =¥  Ku=puCi/Ci (i #1=0,1,2);

j=1

A@ =[C5+aCil@—2Ko)]; K = (Koo —aKi);
diw) = M102 — ado12C1); Ay =A1/(ACy);
A*ZR(Q)A;BZAz/A; B*ZR(Q)B;

Al = A1/(AC); Bi1 = An/A;

A1 =[d@) 003 — K@) (Roos — ) C2]; Ay = [Kwyr003C2 — do)];
A= (hoos —Afg3 — 1) > 0; A1y = [2101Co — Koz (hoos — DCa2];
Ay = [Kpar003C2 — 2102C0]; B = (Kfa)C% + ABZ);

K = —Ko; k* = —YoKo2 = —Bo2Y2; Boz = So2/S3;

_ mi/2 mp/2 m3/2y.
Amymoms —lemzms/(ﬂzoo Ho20 Mooz )

N
(N = Ditmymams = Y_(30j = Yo)™ (y1j = Y1)"™ (32 — Y2)™,
j=1

(m1, my, m3 non-negative integers).

For the variates yg, y; and y, in the sample:
n
yi=n"'Y"yij (=0,1,2);  Rey=50/5} (1 #0);
j=1
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n n—r
(n—DsF=Y Gij =3 (1 =PFim-r =Y _Viji
j=l j=1
n—r
(n—r—1s%,_, = Z(y,- i — Vitn—r))*: the conditional unbiased
j=1
estimator of Sl-2 (i=0,1,2);
Rotiory =30m-n/30r) Grw-n #0:  u=5/Ysi  v=s3/S3:
- 5 2 2
Un—r) = y2(n—r)/Y2; Vin—r) = S2(n_r)/S2;
:jz(n_r)/)_zz; v*zsg(n—r)/sg;
A = Ay /(Ap—r C2); B = Asury/ Au—r);
AA* I/éa(n r)A é* = Iéa(nfr)é;
A1 = A1/(ACy); Az=AAT/(AAC2); By = Ay/A; §2=A§/A;
AA = Iéa(n—r)AAl; éik = Iéa(n—r)éﬁ
A; = Ra(n—r)AA2; é; = Iéa(n—r)é%

A= (hoos =453 = 1) > 00 A-r) = (Roosu—r) — Ago3ur) — 1);
AAl(n—r) = [dAa(n—r)5¥003(n—r) - Ieot(n—r) (5\004(n—r) - I)CZ];
Az(n—r) = [3a(n—r)3»003(n—r)C2 - c?a(n_rﬂ;

A= [c?a(n_,)iom — I%Eka) (004 — 1)C2];

Ay = [K(O,))»ooacz — dy(n— nl;
= [da(u—r)ro03 — Ka(n r)(?»004 —DC;
A= [ an— r)?»ooscz — dyn— .k

K(x(n—r) = [KOZ(n—r) - Oll{lZ(n—r)]?

do(n—ry = [)ALIOZ(n—r) é()(n—r) - 015»012(n—r)61(n—r)];

Kiy=Kn—akin): Ky, = (K —aKp)

Cotnry = v/ 120001—r)/ F0(n—r): Crn-r) = \/ 10200—r) / F1 (-1}
Cotnry = \ 002(1—r) / Y2(0—r)

Ko2(n—r) = Po2tn—r) Cotn—r)/ C2; Ki201—r) = P12—r) C1(n—r)/ C2;

P02(n—r) = ﬂ101(n—r)/\/ﬂzoo(n—r)ﬂooz(n—r);
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P12(1—r) = ﬂ011(n—r)/\/ﬁozo(n—r)ﬁooz(n—r);

Koz = p02Cou—r)/ C2; K12 = p12C1(n—r)/ C2;

002 = [1101(n—r)// £200(n—r) 1002 012 = [L011(n—r)// £020(n—r) 0025
K = {2101(1-r 52} {002 Fom—n }:

K1 = {R0111-r 2} {002 Fom—r) }: Cr = fro02/32;

A§<n_r> = Iea(nfr)i003(n7r)6‘2(nfr) - ga(nfr);

Ko1(n—r) = Po1(n—r)Con—r)/C1(n=r);

0* = (1/(ng +2p) — 1/N); PO1(n—r) = ll]lO(nfr)/\//lZOO(nfr)llOZO(nfr);

and

p= {(n —147r) —\/(n— 1+7r)?2—4rn(n—3)/(n —2)}/{2(n—3)};
qg==1-p);
(n—r— 1),am1m2m3

n—r

= Z(yoj' — 30—r)" V1) = Y1=r)"?(¥2j — Y2(0—r))";
=1

Ba(n—r) = Kg(n_r)cg + {Koz(n—r)§'003c2 - da(n—r)}/()A\O(M - j\V(z)()g, - 1);
)\mlmzmg = ,amlm2m3/ V /121(;0/181220[16"032

n
= Dilmymams = »_(30j = 30)™ (17 = $1)"™ (32 — 52"
=1

Catn—r) = (003P0201—r) — *102(1—r))/ (hooa — 5»(2)03 -1,

>

_ A Ay A~ ~m3 .
mimams(n—r) = Mmimams(n—r)/ H200(m—r) H020(—r) 002(n—r)*

(m1, mp, m3 non-negative integers).

In addition, we have used the following:

Hi(R), 1) and H(R(), 1): the first order partial derivatives of the function
H (ﬁ(a),u) with respect to (w.r.t.) I%(oz) and u, respectively, about the point
(R(a)’ 1);

H;j(R),1) (i,j =1,2): the second order partial derivatives of the function
H(Ié(a), u) about the point (R, 1);

t1(1, 1) and #,(1, 1): the first order partial derivatives of the function ¢ (u, v) w.r.t.
u and v, respectively, about the point (1, 1);
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e 1;;(1,1) (i, j = 1, 2): the second order partial derivatives of the function ¢ (u, v)
about the point (1, 1);

e T1(D), T»(D) and T3(D): the first order partial derivatives of the of the function
T(ﬁ(a), u,v) W.r.t. ﬁ(a), u and v, respectively, about the point D = (R, 1, 1);

o T;;(D) (i, j = 1,2): the second order partial derivatives of the function T(ﬁ(a),
u, v) about the point D;

e fi1(1,1) and f>(1,1): the first order partial derivatives of the function f(u(,—y),
V(n—r)) W.I.L. U, —r) and v(,—), respectively, about the point (1, 1);

o fij(1,1) (i, j =1, 2): the second order partial derivatives of the function f (u(,—),
V(n—r)) about the point (1, 1);

e (f1(1), fi1(1)) and (f2(1), f22(1)): the first and second order partial derivatives of
the functions f (u(,—)) and f(v(,—r)) with respect to u,—,) and v(,—.), respec-
tively, about the point ‘unity’;

e (1) and h11(1): the first and the second order partial derivatives of the function
h(u) about the point ‘unity’;

e F1(D), Fp(D) and F3(D): the first order partial derivatives of the function
F(Ié(a), U(n—r)s Vn—r)) W.ILL Ié(a), up—ry and vg_p), respectively, about the
point D;

e Fjj(D) (i,j = 1,2,3): the second order partial derivatives of the function
F(Ié(a), U(n—r), V(u—r)) about the point D;

e Fi(Rw), 1), (R, 1) and F3(R(),1): the first order partial derivatives of
the functions (F(Ra(n_,), u(,,_r)), F(Ra(n_r), U(n—r))) W.I.L. Ra(n—r), F(Ra(n_,),
U(n—r)) WL U@—p), and F(I%a(,,_,), V(n—r)) W.I.L. V(,—p), TESpectively, about the
point (R(q), 1);

o Fp(R), 1) and F23(R(q), 1): the second order partial derivatives of the function
F(Iéa(n_,), U(n—r)) about the point (R(y), 1);

o F13(R(), 1) and F33(R(y), 1): the second order partial derivatives of the function
F(ﬁa(n_r), V(n—r)) about the point (R(q), 1);

o f1(2), f(Z), f{(Z) and f[(Z): the first order partial derivatives of the func-
tion f*(u—ry, Vin—rys A, é) W.ILL U(n—r), Vn—r), A and I§, respectively, about the
point Z = (1,1, A, B);

o FJ(Q%), F5(Q%), F{(Q"), F;(Q) and F5(Q¥): the first order partial derivatives
of the function F(I/éa(n_r), Un—r), V(n—r) A, é) W.I.t. Iéa(n—r)a Un—r), V(n—r)> A*
and 13’*, respectively, about the point Q* = (R(q), 1, 1, A*, B¥);

e F1(Dy), F2(Dg) and F3(Dy): the first order partial derivatives of the function
F_(j)o(n_r), U(n—r)s Vn—r)) WL Yo(u—r), U(n—r) and v(,—,) about the point Dy =
(Yo, 1, I);

o F;j(Dg) (i,j = 1,2,3): the second order partial derivatives of the function
F()_/(_)(,,_r), U(n—r), V(n—r)) about the point Dy = (Yp, 1, 1);

o F»(Yp, 1): the first order partial derivative of the function F (yo(u—r), U (n—r)) W.IL.
U (n—r) about the point (Yo, D);

o F; j(fo, 1) (i,j = 1,2): the second order partial derivatives of the function
F(Yo(1—r), U(n—r)) about the point (Yo, 1);

e F3(Yp, 1): the first order partial derivative of the function F(yo;—r), V(n—r)) W.IL
V(n—r) about the point (170, 1);
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o [} Yo, ) @, j = 1,3): the second order partial derivatives of the function
F(Y0(1—r), V(n—r)) about the point (Yo, 1);

e ¢1(1, 1) and ¢ (1, 1): the first order partial derivatives of the function ¢ (u, v) w.r.t.
u and v, respectively, about the point (1,1);

e ¢;j(1,1) (i, j =1, 2): the second order partial derivatives of the function ¢ (u, v)
about the point (1,1);

e @1(D),Py(D) and P3(D): the first order partial derivatives of the function
(P(Iéa(n_,), u,v) w.r.t. Iéa(n_,), u and v, respectively, about the point D;

e &;;(D) (i,j =1,2,3): the second order partial derivatives of the function
qﬁ(léam_r), u, v) about the point D;

e D1(Dy), P2(Dg) and @3(Dy): the first order partial derivatives of the function
D (Yo(n—r), U, V) W.I.L. Yon—r), 4 and v, respectively, about the point Do;

o & (Y, 1): the first order partial derivative of the functions @ (yo(,—r), #) and
D (Y0(n—r), V) W.I.L. Yo(n—r), about the point ()_’0, 1);

° @2(170, 1): the first order partial derivative of the functions @ (yo(,—r), #) W.I.t. u
about the point (170, 1);

o P3(Yp, 1): the first order partial derivative of the function @ (yo,—r), V) W.I.t. v
about the point (l?o, 1);

e @((1) and P, (1): the first order partial derivative of the function @ (1) and @ (v)
w.r.t. u and v, respectively, about the point ‘unity’;

o @1(Ry), 1): the first order partial derivative of the functions CD(I%a(,,,r), u) and
qﬁ(léa(n_,), V) W.I.t. Iéa(,,_r) about the point (R(y), 1);

o &1(2),P5(2), P;(Z) and @} (Z): the first order partial derivatives of the function
D*(u, v, A%, éi") W.It. U, v, A’f and éf about the point (1, 1, A*, B*) = Z;

o ON(Z¥), ®(Z"), P3(Z*) and P (Z¥): the first order partial derivatives of the
function @*(Iéa(n_,), u,v, AT, éi‘) W.I.L. ﬁa(n_,), u, v, A’l‘ and éi‘ about the point
(R@). 1,1, A*, B¥) = Z*;

e a(1,1) and az(1, 1): the first order partial derivatives of the function a(u*, v*)
w.r.t. u* and v*, respectively, about the point (1,1);

e a;;(1,1) (i, j =1,2): the first order partial derivatives of the function a(u*, v*)
about the point (1,1);

e A;(D), A2(D) and A3z(D): the first order partial derivatives of the function
A(Iéa(n_r), u*, v*) wr.t. Ra(n_r), u* and v*, respectively, about the point D;

e A;jj(D) (i,j = 1,2,3): the second order partial derivatives of the function
A(ﬁa(,,_r), u™, v*) about the point D;

e Aj(R(), 1): the first order partial derivative of the functions A(Iéa(n_r), u*) and
A(Iéa(n,r), v*) with respect to Iéa(n,r) about the point (Ry), 1);

e A1(Dy), Az(Do) and A3(Dy): the first order partial derivatives of the function
A(Yo(—ry, u*, v*) W.It. Jou—r), u™ and v*, respectively, about the point Dy;

e A;(Yp, 1): the first order partial derivative of the function A(Jo(—r),u™) and
A(Yo(n—r), V*) W.I.t. Yo —r) about the point (Yo, 1);

e Ay(Yy, 1): the first order partial derivative of the function A(Yo(n—r), u*) wrt. u*
about the point (Yo, 1);

o A3(Yp, 1): the first order partial derivative of the function A(Jo,—r), v*) W.r.t. v*
about the point (170, 1);
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e aj(1): the first order partial derivative of the function a(u*) w.r.t. u* about the
point ‘unity’;

e ay(1): the first order partial derivative of the function a(v*) w.r.t. v* about the point
‘unity’;

e a{(Z), a5(Z),a;(Z) and aj(Z): the first order partial derivatives of the function
a*(u*, v*, Az, éz) w.L.t. u™®, v*, Az and éz, respectively, about the point Z;

o AT(Q%), A3(Q%), A3(Q™), A3(Q™) and AZ(Q*): the first order partial derivatives
of the function A*(ﬁa(n_,), u*, v, Az, é;) W.I.t. ﬁa(n_,), u*, v*, A; and B, re-
spectively, about the point Q*.
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