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a b s t r a c t

A discrete distribution involving a product of two gamma functions has been proposed.

It arises naturally in connection with the distribution of sample correlation coefficient

based on a bivariate normal population. The first four factorial moments, raw moments,

three corrected moments, coefficient of skewness and kurtosis have been derived. Some

illustrations have been provided to show how the product moments of sample variances

and correlation can be derived by exploiting the moments of the new distribution. These

product moments are important for correlation analysis, covariance analysis, intra-sire

regression and inference in bivariate normal population with a common mean.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Fisher (1915) derived the distribution of mean-centered sum of squares and sum of products in order to study the
distribution of correlation coefficient from a normal sample. In this paper, based on the density identity of the product
moment correlation coefficient, we introduce a new discrete distribution. The distribution is then used to derive product
moments of sample variances and coefficient of correlation. Readers interested in this area may go through a resourceful
book by Gupta and Nagar (2000).

In what follows, for any non-negative integer k, we will use the notation

k{a} = k(k − 1) · · · (k − a + 1). (1.1)

The duplication formula for the gamma function is given by

Ŵ(2z)
√

π = 22z−1Ŵ(z)Ŵ
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)

. (1.2)

Multiplying both sides by 2z we have
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)
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The hypergeometric function is defined by
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Fig. 1. Probability mass function of K when m = 4 at different values of ρ.

In particular

1F 0(a; z) = (1 − z)−a. (1.5)

Note that 2F 1(a, b; c; z) can be transformed as

2F 1(a, b; c; z) = (1 − z)c−a−b
2F 1(c − a, c − b; c; z) (1.6)

(Gradshteyn and Ryzhik, 1994, 1069).
In Section 2, we introduce a mass function from the density function of the sample product moment correlation

coefficient. In Section 3, we study some properties of the distribution. In Section 4, we demonstrate how some of the product
moments of the bivariate Wishart distribution, the bivariate chi-square distribution and the product moment correlation
coefficient distribution can be derived through the new mass function. These product moments have found applications
in statistical inference for parameters of bivariate normal distribution (Sunthornworasiri et al., 2006), intra-sire regression
(Prabhakaran and Jain, 1987a,b; Prabhakaran et al., 1991) and radar systems (Lawson and Uhlenbeck, 1950).

2. The probability mass function

The density function of the bivariate Wishart distribution was originally derived by Fisher (1915). The density function
h(r) of R can be obtained from the Wishart distribution (see e.g. Anderson (2003, 123)). The density identity can be defined
by the following equation:

∫ 1

−1

h(r)dr = 1.

Theorem 2.1. Let γk,m = 1+(−1)k

2
2k

k! Ŵ
(

k+m

2

)

Ŵ
(

k+1
2

)

. Then the density identity based on the distribution of the sample product

moment correlation coefficient is given by

∞
∑

k=0

ρkγk,m =
√

πŴ(m/2)

(1 − ρ2)m/2
, m > 2, −1 < ρ < 1. (2.1)

For details, see Joarder and Omar (2008). Since the quantity

(1 − ρ2)m/2

√
πŴ(m/2)

ρkγk,m, m > 2, −1 < ρ < 1,

is non-negative and adds to 1 over the support {0, 1, 2, . . . ,∞}, we define the mass function of the distribution as

f (k;m, ρ) =
(1 − ρ2)m/2

√
πŴ(m/2)

ρkγk,m, k = 0, 1, 2, . . . (2.2)

m > 2, −1 < ρ < 1 and γk,m is defined in Theorem 2.1 which can be explicitly written as

f (k;m, ρ) =
(1 − ρ2)m/2

2
√

πŴ(m/2)
[1 + (−1)k]

(2ρ)k

k!
Ŵ

(

k + m

2

)

Ŵ

(

k + 1

2

)

, k = 0, 1, 2, . . . (2.3)

m > 2, −1 < ρ < 1.The above mass function can also be directly summed up to 1.
A graph of the probability mass function of K is provided in Fig. 1 for various values of ρ when m = 4.
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3. Moments of the K -distribution

Theorem 3.1. The first four factorial moments are given by

(i) E(K) = mρ2(1 − ρ2)−1,

(ii) E
(

K {2}) = [m(m + 1)ρ4 + mρ2](1 − ρ2)−2,

(iii) E
(

K {3}) = [m(m + 1)(m + 2)ρ6 + 3m(m + 2)ρ4](1 − ρ2)−3,

(iv) E
(

K {4}) =
[

m(m + 1)(m + 2)(m + 3)ρ8 + 6m(m + 2)(m + 3)ρ6 + 3m(m + 2)ρ4
]

(1 − ρ2)−4.

Proof. From (2.3), the ath factorial moment of K is given by

E(K {a}) =
(1 − ρ2)m/2

2
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,

which can be written as
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.

Hence by (1.3), we have

E(K {a}) =
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. (3.1)

From (3.1), the first factorial moment of the K -distribution is given by

E(K {1}) =
2(1 − ρ2)m/2
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where we have used the generalized hypergeometric function defined by (1.4). Hence by (1.5), we have E(K {1}) = mρ2(1−
ρ2)−1.

Since (2k){2} = 4k{2} + 2k, from (3.1), the second factorial moment of the K -distribution is given by

E(K {2}) =
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,

which, by virtue of (1.4), can be simplified as
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Hence by virtue of (1.5), we have

E(K {2}) =
(1 − ρ2)m/2

Ŵ(m/2)

[

4ρ4
(

1 +
m

2

) m

2
(1 − ρ2)−2−(m/2)

]

+
(1 − ρ2)m/2

Ŵ(m/2)

[

2ρ2m

2
(1 − ρ2)−1−(m/2)

]

,

which simplifies to what we have in (ii) of the theorem.
Since (2k){3} = 8k{3} + 12k{2} and (2k){4} = 16k{4} + 48k{3} + 12k{2}, the third and the fourth factorial moments of the

K -distribution can be derived similarly (see e.g. Joarder and Omar (2008)). �

Theorem 3.2. The first four moments of the distribution are given by

(i) E(K) = mρ2(1 − ρ2)−1,

(ii) E(K 2) = (m2ρ4 + 2mρ2)(1 − ρ2)−2,

(iii) E(K 3) = [(4mρ2) + (6m2 + 4m)ρ4 + m3ρ6](1 − ρ2)−3,

(iv) E(K 4) =
[

m4ρ8 + (12m3 + 16m2 + 8m)ρ6 + (28m2 + 32m)ρ4 +8mρ2
]

(1 − ρ2)−4.
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Proof. Since

K 2 = K {2} + K ,

K 3 = K {3} + 3K {2} + K ,

K 4 = K {4} + 6K {3} + 7K {2} + K ,

the moments follow from Theorem 3.1. �

The mean-centered moments µa = E(K − µ)a, a = 2, 3, 4 where µ = E(K) are provided in the following theorem.

Theorem 3.3. The mean-centered moments of order 2, 3 and 4 of the K-distribution are respectively given by

µ2 =
2mρ2

(1 − ρ2)2
,

µ3 =
4mρ2(1 + ρ2)

(1 − ρ2)3
and

µ4 =
4mρ2[2 + (3m + 8)ρ2 + 2ρ4]

(1 − ρ2)4
.

The coefficient of skewness and kurtosis of the K -distribution are given by the following moment ratio:

αi(K) =
µi

µ
i/2

2

, i = 3, 4.

which simplifies to

α3(K) =
√
2(1 + ρ2)
√
mρ

and α4(K) =
2 + (3m + 8)ρ2 + 2ρ4

mρ2
.

Note that asm → ∞, α3(K) → 0 and α4(K) → 3, coinciding with that of the univariate normal distribution.

4. Some applications of the distribution

The mass function can be used to derive the product moments of sample variances and coefficient of correlation, and
the bivariate chi-square distribution. Product moments of sample variances and coefficient of correlation were derived
by Joarder (2006) using some identities involving infinite sum of product of gamma functions. The general expression is
provided below.

Theorem 4.1. For finite a, b, and c, the product moments E(S2a1 S2b2 Rc) denoted by µ′(a, b, c; ρ) are given by

µ′(a, b, c; ρ) =
2a+b−1(1 − ρ2)a+b+(m/2)

ma+bŴ(m/2)
√

π
σ 2a
1 σ 2b

2

×
∞

∑

k=0

[1 + (−1)k+c]
(2ρ)k

k!
Ŵ

(

k + m

2
+ a

)

Ŵ

(

k + m

2
+ b

)

Ŵ
(

k+1+c

2

)

Ŵ
(

k+m+c

2

) , (4.1)

where m > 2, σ1 > 0, σ2 > 0, and −1 < ρ < 1.

Now we demonstrate how the moments of the K -distribution can be exploited to derive closed form expressions of the
above product moments.

(i) To calculate E(S21S
2
2) = µ′(1, 1, 0; ρ), put a = 1, b = 1 and c = 0 in (4.1). The resulting expression can then be simplified

to

µ′(1, 1, 0; ρ) =
(1 − ρ2)2σ 2

1 σ 2
2

m2

(1 − ρ2)(m/2)

2
√

πŴ(m/2)

∞
∑

k=0

[1 + (−1)k]
(2ρ)k

k!
(k + m)2Ŵ

(

k + m

2

)

Ŵ

(

k + 1

2

)

.

Since K has the mass function f (k;m, ρ) given by (2.3), we have

µ′(1, 1, 0; ρ) =
(1 − ρ2)2σ 2

1 σ 2
2

m2
E(K + m)2.

By the use of Theorem 3.1(i) and (ii) in E(K + m)2 = E(K 2) + 2mE(K) + m2, we have

µ′(1, 1, 0; ρ) =
1

m
(σ1σ2)

2(m + 2ρ2).
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Since U = mS21/σ
2
1 and V = mS22/σ

2
2 , the product moment E(UV ) of the bivariate chi-square distribution is given by

E(UV ) = m2

σ 2
1
σ 2
2

E(S21S
2
2) = m + 2ρ2.

(ii) To calculate E(S41S
4
2) = µ′(2, 2, 0; ρ), put a = 2, b = 2 and c = 0 in (4.1). The resulting expression can further be

simplified to

µ′(2, 2, 0; ρ) =
m + 2

m3
(1 − ρ2)2σ 4

1 σ 4
2

∞
∑

k=0

(k + m + 2)(k + m)
(1 − ρ2)(m+4)/2

√
πŴ(m+4

2
)

γk,m+4.

That is

µ′(2, 2, 0; ρ) =
m + 2

m3
(1 − ρ2)2σ 4

1 σ 4
2 E[(K + m + 2)(K + m)]

where K has the mass function f (k;m+ 4, ρ) given by (2.2). By the use of Theorem 3.1(i) and (ii) in E[(K +m+ 2)(K +m)],
we have

µ′(2, 2, 0; ρ) =
m + 2

m3
(1 − ρ2)2σ 4

1 σ 4
2 [E(K 2) + (2m + 2)E(K) + m(m + 2)]

which simplifies to

µ′(2, 2, 0; ρ) =
m + 2

m3
(1 − ρ2)2σ 4

1 σ 4
2 [8ρ4 + (8m + 16)ρ2 + m(m + 2)]

which is the same as in Joarder (2006).
The product moment E(U2V 2), where U = mS21/σ

2
1 and V = mS22/σ

2
2 of the bivariate chi-square distribution, is given by

E(U2V 2) =
m4

σ 4
1 σ 4

2

E(S41S
4
2) = m(m + 2)(1 − ρ2)2[8ρ4 + (8m + 16)ρ2 + m(m + 2)].

(iii) To calculate µ′(2, 2, 2; ρ), put a = 2, b = 2 and c = 2 in (4.1). The resulting expression can further be simplified to

µ′(2, 2, 2; ρ) =
m + 2

m3
(1 − ρ2)2σ 4

1 σ 4
2

∞
∑

k=0

(k + m + 2)(k + 1)
(1 − ρ2)(m+4)/2

√
πŴ((m + 4)/2)

γk,m+4.

Since K has the mass function f (k;m + 4, ρ) given by (2.2), we have

µ′(2, 2, 2; ρ) =
m + 2

m3
(1 − ρ2)2σ 4

1 σ 4
2 E[(K + m + 2)(K + 1)].

Then by the use of Theorem 3.1, we have

E[(K + m + 2)(K + 1)] = E(K 2) + (m + 3)E(K) + (m + 2)

= [(m + 4)2ρ4 + 2(m + 4)ρ2](1 − ρ2)−2 + (m + 3)(m + 4)ρ2(1 − ρ2)−1 + (m + 2),

so that

µ′(2, 2, 2; ρ) =
m + 2

m3
σ 4
1 σ 4

2 [(2m + 6)ρ4 + (m2 + 7m + 16)ρ2 + (m + 2)]

(cf. Joarder (2006)).

(iv) To derive E(R), we proceed as follows:

µ′(0, 0, 1; ρ) =
(1 − ρ2)m/2

2Ŵ(m/2)
√

π

∞
∑

k=0

[1 + (−1)k+1]
(2ρ)k

k!
Ŵ2

(

k + m

2

)

Ŵ
(

k+2
2

)

Ŵ
(

k+m+1
2

) .

By the use of (1.3), it can be checked that

µ′(0, 0, 1; ρ) =
(1 − ρ2)m/2ρ

Ŵ(m/2)

∞
∑

k=0

ρ2k

k!
Ŵ2

(

k +
m + 1

2

)

1

Ŵ
(

k + m+2
2

) .

Then by using (1.4) and (1.6), we have

µ′(0, 0, 1; ρ) =
(1 − ρ2)m/2ρ

Ŵ(m/2) 2 F1

(

m + 1

2
,
m + 1

2
;
m + 2

2
; ρ2

)

Ŵ2
(

m+1
2

)

Ŵ
(

m+2
2

)

= 2(1 − ρ2)−m/2ρ
Ŵ2

(

m+1
2

)

mŴ2
(

m

2

)

2 F1

(

1

2
,
1

2
;
m + 2

2
; ρ2

)

,

which is the same as obtained by Ghosh (1966).
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