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In this pedagogical note, a necessary and sufficient condition for the
independence of tu'r; elementat-v events in a 2 x. 2 contingency table is discussed
for the purpose of making the classroom teaching of these notions more
expository and informative. This in turn shor,vs equivalence of statistical
independence of events and linear dependence of rou,-s or columns in a

contingenc-v table.

1. Introduction
Suppose that a population has been cross-classified according to two attributes

each r,vith tu,o categories. It is well-knor,vn that tw'o non-null events are indepen-
dent if the conditional probabilit,v of the occurrence of ,4 given that B has occurred
is the same as the unconditional probabilit-v of the occurrence of A, t.e.

P(A|B): P(A) (see [1], p. 40). This rule has been used for checking the

independence of elementary events in a 2 x 2 contingency table obtained by
decomposing a population into tu,o attributes each having trvo categories.

2. Main points
We consider the problem of statistical independence of tr,vo elementary events

defined in a 2 x 2 contingency table. A condition for the independence of tu'o
events u,henever the population under 'investigation can be cross-classifred in a

2 x 2 conttngency table is presented belor'v.

Suppose that a population of n-ny*n12 lnztln22 individuais is cross-

classified according to the attributes I (in ror'vs) and B (in columns) each having 2

categories as shorvn in the foilou,ing matrix

B1

A1 U
Az n21

if and onl-v if lIn"l : 0 u.here

- 1 or 2) of A, B, - s1'gn1

-8, and lI is the incidence

B2

n12

Then the events A; and B.i Q,.i
-4; - s1,sn1 that an individual
that an individual belongs to
matrix given b-v

: 1,2) are independent
belongs to category i (i
category i (:1 or 2) of

" - (;,, ',:,',)

The above result rs

eYents

obvious but interesting. B-y definition, each pair of
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(.i) 41 and 81 (ii) 41 and Bz (iii) A2 and 81

independent if

(i) P(Al I Br) - p(At) (ii) P(A2

(iii) P(A1l Br) : P(Ar) (it) P(A2

781

(r)

are

i.e. if

and (la) 42 and 82

I B,) : P(Ar),

I Bz) - P(Az)

tt1 n11 I n12
\' ,/ n|tn)t n

nt2 nlt ) nt)
' nttlntt n

n)t n2t t n22
\,1/ nlt t n)t n

n2) n21 ! n22
\. ",/ nt) -f nD n

(2)

i.e. if
n11.n2y n21n12 - 0

Thus it is verified that each pair of events (1) are independent rf llfl :0.
On the other hand, if l,A'Il - 0, then nnn2z : n2.1n12. Nou. by adding some terms

in both sides of this equation, we can easily get back to the conditions stated in
relations (2). However, under the conditions (2), each pair of events (1) are
independent. Flence it is verified that the pairs of events (1) are statistically
independent if and only if the determinant of the incidence matrix vanishes, i.e.
the rows or the columns are linearly dependent.

The result is nou. illustrated with an example. Suppose that a proficiency test
for a certain skill was given to 100 employees of a firm. The breakdown of sex
(maie and female in columns) and proficiency (pass and fail in rorvs) is summarized
in the following matrix

NtIale Female

Pass
Fail

Here P(pass) | female) :10125 and P(pass) : +01100. Since the tr,vo probabilities
are the same the events 'pass' and 'female' are statistically independent. Here the
determinant of the incidence matrix vanishes. Thus the events Ai (i - 1 or 2) and
Bi (.i - I or 2) are statistically independent if and onl.v if the rou's or the columns
of the contingency table are linearly dependent.

The above idea is also applicable to an r x c contingency table coilapsed into an
appropriate 2 x 2 contingency table. Consider the following hypothetical example
of 160 students classified according to intelligence and dress:

Dull Intelligent Very capable

10
15

30
45

26
30
09

18
1,7

10

Poorl-v clothed
Well clothed
Ver1. la,sll clothed

20
16
1,4
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Thus the events 'dull' and 'poorly clothed' are independent since
the following matrix are linearly dependent:

Dull Not drrll

Poorly clothed
Not poorly clothed

the rows of

46
69

1B

27

while the events 'very capable' and
the rows oF the following matrix are

'very well clothed' are not independent since
not linearly dependent:

Not very capable Very capable

Not very well clothed
Ver1, well clothed

Finally, we note that the above result also applied to any r x c contingency table
collapsed into an appropriate r x r contingency table. This means that the events
Ai (i : 1 or 2 or. . . or r) and 81 U - I or 2 or ...or c) are statistically independent
if and only if the rows or the colurnns of the contingency table are linearly
dependent.
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A path having all of its subpaths of infinite length
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We give an example of a continuous tunction / : 10, 1l + R such that the
length of the graph of /(x) restricted to any subinterval of 10, 1] has infinite
length. The construction uses elementary topological concepts of the real plane
normaily covered in the first semester of undergraduate analysis and topology
courses and does not involve unilbrm con\rersence.
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An interesting property of pythagorean triplets

M. N. DESHPANDE
Institute of Science, Nagpur - 4,t0 001 India

(.Receixed 8 February 1996 )

1. Introduction
APythagoreantriplet is asetof threenumbers a,band csuchthat0 { a <b < c

and a2 I b2 - c2.

Here we establish an interesting property nf Pythagorean triplets which shows
that six squares are associated with each Pythagorean triplet.

Property. For each Pythagorean triplet (a,b, c), there exist two positive integers
k and d such that the following six expressions are perfect squares:

(1)ab k (2)ac-k (3)bc-k
(4) k2 - ad (s) k' - bd (6) k, cd

Before proving the property in the following section, we give below a few
illustrations.

Plrthagorean triplets kd
315
5 1.2 1.3

20 21 29
48 55 73
85 1.32 157

11 24
56 240

384 5 0,10
2 41_5 79 200

10 320 673200

Proof of the property. We denote as usual by s, the semiperimeter, i.e.
,-(a*b+c)12.

Consider k: s2 - c2 and. d - 4s(s - ,)2. It is r,vell known that, for pythagorean
triplets, a*bl c is always even and hence A and d are positive integers.

(1) ab - k : l@ + b)' - a2 - b2ll2 - s2 + c2

: [(2s - c)2 - c2]12 s2 +.2

:2s2.2st s2+12
, ,2: (s c)

Similarly we can show that
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