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ABSTRACT

The characteristic function of the multivariate Pearson type II distribution has
been derived in terms of the generalized hypergeometric function. The marginal an<i
conditional distributions of the multivariate pearson Tlpe II distribution have been
derived. Some propertibs have been outlined.

1. INTRODUCTION

Lateiy statisticians have succeeded in developing numerous
rnultivariate distributions shifting the centre of 

*gravity 
of

multivariate distributions from the multivariate norrnal distribution.
Kotz [3] proposed the multivariate pearson Type II distribution as an
extension to the univariate Pearson Type II distribution. He discussed
some properties of the distribution including moments and shapes.
The distribution can assume many differenf forms by changing the
shape parameter. Johnson [2] graphed surface oi th* bivariate
Pearson type II distribution for the shape parameter G = l,3/2,2,3,4,6,10. He also presented. an algorithm for: generating the
distribution.

The distribution has simple density function, is easy to generate
and possesses properties that provide a usefur corrtr."t to the
multivariate normal distribution. we make a slight modificatiorr to
the form of the density considered by Kotz [3] so that the rnarginal
and conditional distributions are well identified. In this paper, we findthe characteristic function of the multivariate pe.rso* type II
distribution in terms of the well-known generalized hypergeometric
function.
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In particular, \rye consid.er the following probability density
function (p.d.f.)

f(x) = c(a, p) lo ltl'(r - (r - 0)' o-t(* - 611@-rvz (1.1)

where r is ap x 1- vector, 0 is ap x l vector of location parameters, f)
is a p y.p positive definite matrix of scale parameters,
(r - 0)' Ct-'(, - 0) s 1, cx >p and the normalizing constant C(4, p) is
given by

(7.2)

We will denote the above p.d.f. by PII(O, Cl; o). The p.d.f. of
Z-g2-rtz (x-o) is given by

f(z) - c(a,p)(i - z'21@-o)rz, z'z I 7 (1.3)

which is the p.d.f. of the spherical Pearson type II distribution. When
p = 1, the p.d.f. of Z, defines a univariate Pearson type II distribution
with p.d.f.

f(z) = B-11't-/2, a/2 + L/z)(L - "1)("-',)", 
r?.( 1, 0 > 1 (1.4)

(cf. Stuart and Ord [6]), where B(rn, n) is the usual beta function.

2, THE MAIN RESULTS

T?re main results of the paper are presented in this section in the
form of two theorems.

Tnponpiyt 2.1. Let X haue the
distribution giuen by (1.\). Then the
giuen by

c{u,p)=7ffiffi*

multiuariate Pearson type
characteristic function of X

il
is

Qlr) = exp{it'n\ ^r.(YZ ' - llor"tll2') rr.rlrro!r[2, 4 )
u,here oEr(*r,&2> ...tao;b1,br, ...,bn;z) is the gencralized hypergeo-

wtetrie function d.efi.ned. by 
; b

oFn(oi, a2, ..., ao; b r, br, ..., b o;y) = I 
@t) t @) n"' (a)n !*,ffir.(2'2)

with (a)i = f@. + i)/f(a) = a(a+ 1). ". (o +7 - 1).
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Pnoor. The characteristic function of the spherical pearson tJrpeII distribution with p.d.f. in (1.8) is given by

Qz = I, 
"<t 

exp(it'z) f(z)dz.

By an orthogonal transformation y= (!t,!2...,!p), =CZ

with !t=t'Z/ llrll, we have

Lz{t) = C(a, p)f . ., expliy, I l, I l) (1 - n,r1k-iltzgr.

By integration over !2,!s, ...rlpt wlimmediately have

QAt) = c(o, D I rlrrexp(iyr I l, I lX1 - y\)d.yt.

= 2c(u, t, {-, exp(j}r I l, I I ) (1 - vl)d.yr.

Now using the following integral (prudnikov, Brychkov andMarichev [7])

I, o' - *zy-r coswx a* =S@rtw.f-l/z f@) J"_rr2@w)

with o = L, tD = llrll and c = (a+l)/2,we have

$At) = 2"/2 t1a/z + 1) | lr I l*r, J*r(llt ll)
where Jo(f) is the Besser function of the first kind (see e.g. Lebedev
[4]). T]ren by the use of the folrowing relation between ihe Bessetfunction of the first kind and the geneiarized hypergeomeiri, zurrctio,

r61w1=W#*,?,-+),

we obtain

Qze) =.F, (g+2. -l l' l12\=orr[ z ,-"i-)
where f{b;y) is the generalized h5ryergeometric function defined by
(2.2).
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Finally, the characteristic function af X=e+{t/22 is given by

Q"rr) = exp(l/'0)Q2(o "'t) =exp(jt'o) *r(ry 
' 
-r,nf,J:) tr

The marginal and conditional distributions were derived by
Johnson tzl by direct integration. We now derive the marginai and
conditional distributions of the multivariate Pearson type II
distribution with the help of the characteristic function derived in
Theorem 2.1. The regression function as weli as the conditional
covariance matrix is also derived.

THEoREM 2.2 Let X haue the p.d.f. giuen by (1.1). Partition
X, O, t and fl as follows:

Clrz \
or, )

where 02, t2 e Rq (q < p\ and {222 i.s a q x q positiue definite matrix.

Then ft) X, has' a multiuariate Pearsoru type II distribution
PII(92, Qzzi a) and (ii) Xygiuen. Xz= xzhas a mul"tiuariate Pearson type

II distributi,on PII(}rr, Qir.zicx -q) where

0r.z = 0r + f.rrf/Ij(xz- 0z),

"= 6;), 
. = (!r,, =G;), 

" 
= (fi;l

q.nd O|.2 = $ - (xz - gil' AiL (xz - Az) (Clrr - Cl12Cr;1Cl21).

Pnoon'. Setting fr = 0 in the characteristic function of X in
we immediately have

ox,(r) = exp(lr{o} r,[%2 " -ll"U\'ll')

This implies that X2 has a g-variate Pearson type I1 distribution with
the p.d.f.

f(xz) = cto", q) lQrrl-"' (l - (xz- o)' ail l*, - 02))@4'2 (2.5)

where qxr-02)'{22f,@z-02) < 1-, cr}g.

It foilows from the following two weil-known irlentities:

lOl= l()rrl ls)rr.zl, Q1r.2=ft11-O12O;1Q21 Q.6)

(2.3)

(2.4)

(2.7),
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and y'tty = y ia-]zyz + U r - ot2o;b2),dri1.zU t - An4br)

181

(2.7)

where Y=X-0, that

1 - y'd)y = | - yiDibz- Ot - strro]6tr),01i.r0, _ Arzlibz)

G - y iaib z) t1 _ (yr _ auaib r),V ll zA, _ {zt2arb 2\)

where Vtt.z= G - yihibz)Orr.z. Then the joint density of y, and y2 can
be written as

fUr,Iz) = c(u, p) Ierrl-"' I arr.z l "' (1 - y; e;fuir1ta- ottz

* [, - Ut- apoib),vl].20t- nrrn br))t-,"'
so that from (2.5), we immediately have

f(ylyz)= C(a - q, p - q) lVrr.rl-,r,

' [t - (yt - arzaib), g - yia1fu,r1 1

itr_p)/2vlizut- o:r,oifu))

From the relation Y =x - 0, we finaly have that the conditional
distribution of XrlXr=x2 is a (p - q)-dimensional pearson type II
distribution given by FII(.}y2, eir.z; cr - q) where 0r., and ftr* are
given by (2.3) and (2.4) respectively. D

Following lVluirhead [E], it may be verified that ft2 = z'z ]has a
Beta;pt, a/2 - p/2) distribution. It is also easily checked that
E(E = 0 and Cou(.X) = E(R2){l/p where E(R*) = (l/Z)B(m + p,/2, a/Z
-p/2+1) (see e.g. Cambanis, Huang and EIsu t1l). ihus the
regression of X, on Xz=x2 is given bV E(Xr l&= xil=lrz rvhere
0r.z ig given by (2.3). The conditional eovariance marrix is given by

Cou(X, I Xz = xil = ts(2 + a/ 2 - e / 2 ; a/ Z _ p / 2 + L)A;,2t {Zp ).

It is seen that, unlike the conditional coveriance matrix cf the
nnultivariate normal distribution, the conditional covariance matrix of
the Pearson type Itr distribution depends on the conditioned rardom
variable.
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