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ABSTRACT  The moments of  the multivariate Wishart distribution is known up to the 
fourth order.  But the product moments of the elements, namely, the two sample variances 
and the correlation coefficient of the bivariate Wishart distribution, are not available in 
general.  In this paper some product moments of an arbitrary order are derived for the three 
elements of the bivariate Wishart distribution.  A theorem containing eight identities of 
infinite series involving product of two gamma functions has been established to facilitate 
the derivation.  The general nature of the theorem indicates its use in other contexts.  
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1. Introduction 
 

The moments of the multivariate Wishart distribution is known up to the fourth order. 
Some researchers have derived moments of some special type of functions, namely, sample 
trace and determinant of Wishart Matrix which have had applications in estimation theory.  
Only a few special cases of product moments are published in the literature which are mostly 
considered for applications in correlation analysis.  This paper aims at deriving some product 
moments of the three elements, namely, two sample variances and the correlation coefficient of 
bivariate Wishart matrix.  A theorem containing eight identities of infinite series involving 
product of two gamma functions has been established to facilitate the derivation.  This will lead 
to generalization of some of the published results in the area.   

Let 1 2, , ( )NX X X N p>L  be a p-dimensional independent normal random vector with 
mean vector X  so that the sums of squares and cross product matrix is given by  
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The random symmetric positive definite matrix A  is said to have a Wishart distribution with 
parameters p, 1m N p= − >  and ( ) 0p pΣ × > , written as ~ ( , )pA W m Σ  if its pdf (probability 
density function) is given by 
 

( 1) / 2 1

/ 2 ( 1) / 4 / 2

1

1| | exp
2( )

12 | | ( 1 )
2

m p

p
mp p p m

i

A tr A
f A

m iπ

− − −

−

=

⎛ ⎞− Σ⎜ ⎟
⎝ ⎠=

⎛ ⎞Σ Γ + −⎜ ⎟
⎝ ⎠

∏
,   A > 0,  m > p 

 
(see, e.g., Anderson [1], p. 252).  The symmetric matrix A  for the bivariate case, i.e., for 2p = , 
can be written as ),( ikaA = i = 1, 2; k = 1, 2 where  
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and the quantity 2/1
2211122112 )/()/( aaaSSSR == is the sample product moment correlation 

coefficient.  
We want to derive the moments )( 21 2

2
2
1

lll RSSE  for finite 1 2, ,l l l .  Some of them may not 
have closed forms.  This paper may help estimate some parametric functions of the elements of 

2( ),  ,  ( 1, 2; 1,2)ik ii i ik i k i kσ σ σ σ ρσ σΣ = = = = =  where 1 20, 0σ σ> > , and ρ , ( 1 1)ρ− < < , 
is the product moment correlation coefficient between 1X  and 2X .  

Fisher [3] derived the distribution of A  for 2p =  in order to study the distribution of 
correlation coefficient from a normal sample.  Wishart [8] obtained the distribution for arbitrary 
p  as the joint distribution of sample variances and covariances from the multivariate normal 

population.  Because of its important role in multivariate statistical analysis, various authors 
have derived it from different perspectives (see the references in Gupta and Nagar [5], pp. 
87-88).   

The first moment of 1,  ,  det( ),  A trA A A− and similar beautiful quantities are known 
(Muirhead [7]).  A nice update of moments of the Wishart distribution is given by Gupta and 
Nagar [5].  But very few product moments can be deduced from the works published so far. 
Hence we derive some product moments of the bivariate Wishart distribution when the parent 
variables have the  bivariate normal distribution. 

 
 

2. The General Product Moments of  Sample Variances and the Correlation 
Coefficient 

 
The moments of sample variances 2 ( 1,2)iS i =  are well known.  The moments of product 

moment correlation coefficient R  are also known though they do not have closed forms.  
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Ghosh [4] expressed the moments of R  in terms of hypergeometric functions.  The first 
moment is the simplest one and is given by 
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, 1 1, 1mρ− < < > . 

 
There are a number of representations of the moments of the correlation coefficient in Johnson 
et al. ([6], p.553).  Understandably the derivation of the joint moments of 1 22 2

1 2,l lS S  and lR  will 
be formidably difficult.  By differentiating the moment generating function of ~ ( , )pA W m Σ , 
m p> , de Waal and Nel [2] derived the following results: 
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Some product moments, e.g., 3 3

1 2 1 2( ), ( )E S S R E S S R  and 2 2 2
1 2( )E S S R , can be deduced from the 

above identity in (a).  
 
Theorem 2.1  For finite ,1l ,2l and l, the product moments )( 21 2
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lll RSSE  denoted by 

1 2( , , ; )l l lµ ρ′  are given by 
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where ( ) / 22( , ) ( / 2) 1
m

L m mρ π ρ
−

= Γ − , 1 22,  0,  0,m σ σ> > >  and 1 1ρ− < < . 

 
Proof.  The pdf of the elements of A  can be written as 
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where 11 22 120, 0, , 1 1a a a ρ> > −∞ < < ∞ − < < , 1 22, 0, 0m σ σ> > > . Under the transformation 

2 2
11 1 22 2 12 1 2, ,a ms a ms a mrs s= = =  with Jacobian 3

1 2m s s , the joint pdf of 2 2
1 2,S S  and R  is given 

by 
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where we have also used the duplication formula of gamma function  
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with  1z m= − .  By expanding the last term, we have  
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Then the product moments 1 2( , , ; )l l lµ ρ′  are given by 
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which can further be evaluated as 
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The pdf of the sample correlation coefficient originally derived by Fisher [3] has the following 
representation. 
 

Theorem 2.2  The probability density function of the correlation coefficient R  is given by 
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where 2, 1 1m ρ> − < <  and the expectation is over the variables 2~  ( 1,2)i mU iχ = . 
 

Proof.  By making the transformation  
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Then the theorem is obvious by the integration over 1u  and 2u  as the following: 
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Note that by expanding the term 1 2r u ue ρ and completing the integration over 1u  and 2u  we have 
the following well known probability density function of R :  
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where 2, 1 1m ρ> − < <  (Muirhead [7], p. 154).  
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3. Some Special Cases of Product Moments )( 21 ρlllµ ;,,  
 

To evaluate the product moments given by Theorem 2.1 for some special cases we need 
the following theorem.  In what follows, for any nonnegative integer k, we define: 
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Proof.  Since  
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the proof of (i) is obvious by virtue of (0,0,0) 1µ′ =   where 1 2( , , ; )l l lµ ρ′  is defined in (2.1). 
The identity in (i) can be rewritten as 
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Differentiating both sides of the identity in Theorem 3.1 (i) with respect to ρ  we have  
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which yields the identity in (ii) above. Differentiating the identity in (3.2) again we have 
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which yields the identity in (iii) above. Differentiating the identity in (3.3) we have 
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which yields the identity in (v).  The identity in (vi) can be proved as follows:  
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The identity in (vii) can be proved as follows:  
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4          ( , ) ( , )w m L mρ ρ=

 

where { }( , )iw m ρ  and ( , ),  ( 1, 2,3, 4)iw m iρ =  are defined in the theorem. 

 
By Direct application of Theorem 3.1 to Theorem 2.1, special cases of moments 

1 2( , , ; )l l lµ ρ′  of  Wishart distribution having probability density function given by (2.2) can be 
calculated.  Some are tabulated below where in general 1 22, 0, 0, 1 1m σ σ ρ> > > − < < . 
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Case I: (One order is negative) 
 

2 4
1( 2,0,0; )

( 2)( 4)
m

m m
σµ ρ

−

′ − =
− −

, 4m > ,  
 

2 4 2
1 2

2
4 2

1 22

( 2,1,0; ) ( 4 )
( 2)( 4)

                    ,  4,
( 2) ( 2)( 4)

m m
m m

mm m
m m m

µ ρ ρ σ σ

ρ σ σ
ρ

−

−

′ − = − +
− −

⎛ ⎞
= + >⎜ ⎟− − −⎝ ⎠

 

 
2

4 2
1 2

1 ( 5)( 2,1, 2; )  
( 2)( 4)

mm
m m

ρµ ρ σ σ−+ −′ − =
− −

, 4m > , 

( )
4

4 2 2 1

2 2 2
4

2 1

( / )( 2, 2,0; ) 24 8( 2) ( 2)
( 2)( 4)

24(1 ) 8(1 )                      = 1 ( / ) ,  4,
( 2)( 4) 2

m m m
m m

m
m m m

σ σµ ρ ρ ρ

ρ ρ σ σ

′ − = − + + +
− −

⎛ ⎞− −
+ + >⎜ ⎟− − −⎝ ⎠

 

( )
4

4 2 2 2 1

2 2 2 2
2 4

2 1

( / )( 2, 2, 2; ) 6(5 ) ( 24) ( 2)
( 2)( 4)

6(1 ) (1 6 )(1 )                    ( / ) ,   4,
( 2)( 4) 2

m m m m
m m

m
m m m

σ σµ ρ ρ ρ

ρ ρ ρ ρ σ σ

′ − = − + − − + +
− −

⎛ ⎞− + −
= + + >⎜ ⎟− − −⎝ ⎠

 

( )
4

2 4 2 2 1

2 2 2 2
4 4

2 1

( / )( 2, 2, 4; ) ( 12 35) 6( 5) 3)
( 2)( 4)

3(1 ) 6 (1 )                     ( / ) ,   4,
( 2)( 4) 2

m m m
m m

m
m m m

σ σµ ρ ρ ρ

ρ ρ ρ ρ σ σ

′ − = − + + − +
− −

⎛ ⎞− −
= + + >⎜ ⎟− − −⎝ ⎠

 

2
1( 1,0,0; )

( 2)
m
m
σµ ρ

−

′ − =
−

, 2m > , 

2 22 2
2 2

1 1

2 2(1 )( 1,1,0; ) 1
2 2

m
m m

σ σρ ρµ ρ
σ σ

⎛ ⎞ ⎛ ⎞⎛ ⎞− −′ − = = +⎜ ⎟ ⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠ ⎝ ⎠
, 2m > , 

2 22 2
22 2

1 1

( 3) 1 1( 1,1,2; )
2 2

m
m m

σ σρ ρµ ρ ρ
σ σ

⎛ ⎞ ⎛ ⎞⎛ ⎞− + −′ − = = +⎜ ⎟ ⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠ ⎝ ⎠
, 2m > , 

 

( )
2 4

4 2 1 2( 1, 2,0; ) 8 2( 3) ( 2)
( 2)

m m m
m m
σ σµ ρ ρ ρ

−

′ − = − + + +
−

, 2m > , 
 

( )
2 4

4 2 2 1 2( 1, 2, 2; ) ( 2 6) ( 14) ( 2)
( 2)

m m m m
m m
σ σµ ρ ρ ρ

−

′ − = − + + + − + +
−

, 2m > , 
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2
4

2(0, 2,0; )  
( 2)( 4)

m
m m

µ ρ σ −′ − =
− −

, 4m > , 
 

2
2(0, 1,0; )  
2

m
m
σµ ρ

−

′ − =
−

, 2m > , 

( )2
2 4
1 2

( 5) 1
(1, 2,2; )

( 2)( 4)

m m

m m

ρ
µ ρ σ σ −

− +
′ − =

− −
, 4m > , 

 

( )4 2 4 2
1 2

1(2, 1,0; ) 8 4( 2) ( 2)
( 2)

m m m
m m

µ ρ ρ ρ σ σ −′ − = − + + +
−

, 2m > , 

 

( )4 2 2 4 2
1 2

1(2, 1,2; ) 4( 3) ( 14) ( 2)
( 2)

m m m m
m m

µ ρ ρ ρ σ σ −′ − = − − + + − + +
−

,  2m > . 

 
Case II: (Each order is nonnegative)  
 

2
2(0,1,0; )µ ρ σ′ = , 

 

( )
2

2 2(0,1,2; ) ( 1) 1m
m
σµ ρ ρ′ = − + , 

 

( )
2

4 2 2
2(0, 2,2; ) 2( 1) ( 1)( 4) ( 2)m m m m

m
σµ ρ ρ ρ′ = − − + − + + + , 

 

( )
4

4 2 2
2(0, 2,4; ) ( 1)( 3) 6( 1) 3m m m

m
σµ ρ ρ ρ′ = − − + − + , 

 

( )
2 2

2 1 2(1,1,0; ) 2m
m

σ σµ ρ ρ′ = + , 
 

2
1(1,0,0; )µ ρ σ′ = , 

 

( )
2 2

2 1 2(1,1,2; ) ( 1) 1m
m

σ σµ ρ ρ′ = + + , 
 

4
1

2(2,0,0; )  m
m

µ ρ σ+′ = , 
 

( )
4

4 2 2 1
2(2,0,2; ) 2( 1) ( 3 4) ( 2)  m m m m

m
σµ ρ ρ ρ′ = − − + + − + + , 

 

( )2 4 2
1 22

2(2,1,0; ) ( 3) 1m m
m

µ ρ ρ σ σ+′ = + + , 
 

( )2 4 2
1 22

2(2,1,2; ) ( 3) 1m m
m

µ ρ ρ σ σ+′ = + + , 
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( )4 2 4 4
1 23

2(2,2,0; ) 8 8( 2) ( 2)m m m m
m

µ ρ ρ ρ σ σ+′ = + + + + , 
 

( )4 2 2 4 4
1 23

2(2,2,2; ) 4( 3) ( 7 4)m m m m m
m

µ ρ ρ ρ σ σ+′ = + − + + + . 

 
Corollary 3.1  The sample product moment correlation between 2

1S  and 2
2S  is given by 2ρ .  

 
Proof.  From the above we have, 
 

2 2
1 1
2 2
2 2

( ) (1,0,0) ,

( ) (0,1,0) ,

E S

E S

µ σ

µ σ

′= =

′= =
 

4 4
1 1

4 4
2 2

2( ) (2,0,0) ,

2( ) (0,2,0) ,

mE S
m

mE S
m

µ σ

µ σ

+′= =

+′= =
 

 
2

2 2 2
1 2 1 2

2( ) (1,1,0) ( ) .mE S S
m
ρµ σ σ+′= =  

 

The variances of 2
1S  and 2

2S  are given by   
 

4
2 1

1
2( )V S
m
σ

=  and 
4

2 2
2

2 ( )V S
m
σ

=  

 
respectively, while the covariance between them is given by  
 

2 2 2 2 2 2
1 2 1 2 1 2

2( , ) ( ) ( ) ( ) .Cov S S E S S E S E S
m
ρ

= − =  
 

Hence, the product moment correlation coefficient between 2
1S  and 2

2S   is given by   
 

2 2
2 2 21 2

1 2 1/ 22 2)
1 2

( , )( , )
( ) (

Cov S SCorr S S
V S V S

ρ= =
⎡ ⎤⎣ ⎦

. 

 
Since the correlation between 1X  and 2X  is ρ , the above result is intuitively appealing. Note 

that if 0ρ = , the pdf in (2.2) becomes the product of  that of 2
1S , 2

2S  and R.  
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