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Abstract 

The quasi-negative binomial distribution, characterized by three parameters, has been used to 
fit data arising from many fields of study. The distribution gets truncated under certain 
conditions. We investigate the truncation error by carrying out a detailed error analysis. 
Through this analysis, we determine the parameter space when the model can be used instead 
of using a truncated quasi-negative binomial distribution. We define a truncated quasi-
negative binomial distribution that can be used when the quasi-negative binomial distribution 
gets truncated on the right hand side. A numerical example is used for illustration. 
 

Keywords and phrases: Truncation error; parameter space; maximum likelihood estimates. 

1. Introduction 

A discrete random variable X is said to have a quasi-negative binomial distribution 
(QNBD) if its probability function, (Li et al. 2008), is given by 

 

 

( ) 1 1
,   0,1,2,...

( ) ! ( ) 1 1 1

0,  for    if   0,

x

x

x cx b
x

f x f x cx b cx b cx

x k c




                       
 (1.1) 

 
where 0, 0b    and k is the largest positive integer for which 1 + kc   0 when c < 0. 

The QNBD in (1.1) reduces to the negative binomial distribution (NBD) when the parameter 
c = 0. For the non-truncated QNBD, the mean and the variance as provided by Li et al. (2008) 
are not in closed form. The probability model in (1.1) gets truncated on the right hand side 
when c < 0. If the truncation error is negligible, one may still be able to use the model in 
(1.1). However, if the truncation error is substantial, it is important to consider a truncated 
quasi-negative binomial distribution as an alternative. This paper will study the parameter 
space of QNBD to identify where the truncation error is negligible. The paper will also define 

c©
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a truncated quasi-negative binomial distribution that can be used when the truncation error is 
not negligible. 

In section 2, we conduct a detailed error analysis of the QNBD. In section 3, we define a 
truncated quasi-negative binomial distribution. In section 4, a numerical data set on the 
number of absenteeism among shift-workers is used for illustration. Finally in section 5, we 
provide some concluding remarks. 

2. Error Analysis of the QNBD 

Due to the truncation in QNBD, the sum of the probabilities in (1.1) may differ from 
unity. The difference between 1 and the sum of the probabilities (fx) is the truncation error. 
The percentage truncation error will be computed as 100(1 – fx). Some illustrative examples 
for k   3 are presented in Table 1. For two classes only, the truncation leads to only two 
probabilities f0 and f1. The sum of the two probabilities could be very small or very large as 
shown in Table 1. In Table 1, the sum of the non-negative probabilities could be larger than 
3.0 and could be smaller than 0.2. It is hard to see a pattern in the truncation errors. 

One of the motivations for this paper is to determine various conditions for which the 
truncation error will be negligible. For example in row 5 for k = 2, the sum of the 
probabilities is more than 3 because f(2) leads to a value that is close to 3.0 on the account 
that 1 + 2c is 0.05. 

When c < 0, we require that 1 + cx   0 in the QNBD in (1.1). If this is not satisfied, we 
set fx to 0 as shown in (1.1). Thus, the largest x value can be obtained from 0   1 + cx  –cx  1 x  –1/c since –c > 0. Thus, the largest x value, k, is given by the integer part of –1/c. 

Through computation, we make a detailed error analysis on the QNBD model when c < 
0. For this analysis, we consider the values of  and b in the parameter space and the values 
of c < 0. Thus, we consider the values of > 0, b > 0 and c < 0. In the analysis, we compute 
the values of ( )f x  for x = 0, 1, 2, …, k where k is such that 1/k c   when c < 0. After 

computing the probabilities, we compute the percentage truncation error by using the formula 

100(1 – xf ). 

In fitting the QNBD to an observed data set, the three parameters , b and c have to be 
estimated. In order to have at least 1 degree of freedom for the chi-square goodness-of-fit test, 
we need at least five non-zero probability classes. Thus, we need the smallest value of x to be 
4. Therefore, in the error analysis, the smallest x value is required to be 4. The percentage 
error of truncation will be said to be negligible if it is below 0.5%. Thus, the difference 
between 1 and the sum of all non-negative probabilities is below 0.005. This was the value 
used by Consul and Shoukri (1985) in their error analysis for the generalized Poisson 
distribution. In view of this, we will conduct the error analysis for k   4. 

The maximum truncation error for the different values of , b and c are provided in Table 
2. Since we need to have at least five non-zero probability classes, we examine the different 
errors for cases where x is at least 4. In the error analysis we consider the values of  = 
(.01)(.01)(5.0), b = (0.1)(0.1)(10.0) and c = (–0.25)(0.01)(–0.01). 
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Table 1. Sum of probabilities for some QNBD parameter sets 

k 
Parameters Probabilities fx  b c f0 f1 f2 f3 

1 

1.0 0.1 –0.90 
1.0 0.1 –0.75 
1.0 0.1 –0.60 
1.0 0.5 –0.90 
1.0 0.5 –0.75 
1.0 0.5 –0.60 
1.5 0.1 –0.90 
1.5 0.1 –0.75 
1.5 0.1 –0.60 
1.5 0.5 –0.90 
1.5 0.5 –0.75 
1.5 0.5 –0.60 
1.5 1.0 –0.90 
1.5 1.0 –0.75 
1.5 1.0 –0.60 
2.0 0.1 –0.90 
2.0 0.1 –0.75 
2.0 0.1 –0.60 
2.0 0.5 –0.90 
2.0 0.5 –0.75 
2.0 0.5 –0.60 
2.0 1.0 –0.90 
2.0 1.0 –0.75 
2.0 1.0 –0.60 

0.0909 2.5000 
0.0909 0.8163 
0.0909 0.4000 
0.3333 1.3889 
0.3333 0.8889 
0.3333 0.6173 
0.0274 2.6517 
0.0274 0.6545 
0.0274 0.2683 
0.1925 1.9018 
0.1925 1.0887 
0.1925 0.6901 
0.3536 1.1820 
0.3536 0.8587 
0.3536 0.6468 
0.0083 2.5000 
0.0083 0.4665 
0.0083 0.1600 
0.1111 2.3148 
0.1111 1.1852 
0.1111 0.6859 
0.2500 1.5026 
0.2500 1.0240 
0.2500 0.7289 

2.5909 
0.9072 
0.4909 
1.7222 
1.2222 
0.9506 
2.6791 
0.6819 
0.2957 
2.0943 
1.2812 
0.8826 
1.5356 
1.2123 
1.0004 
2.5083 
0.4748 
0.1683 
2.4259 
1.2963 
0.7970 
1.7526 
1.2740 
0.9789 

2 

1.0 0.1 –.475 
1.0 0.1 –.45 
1.5 0.1 –.475 
1.5 0.1 –.45 
2.0 0.1 –.475 
2.0 0.1 –.45 

0.0909 0.2560 1.4815 
0.0909 0.2367 1.2500 
0.0274 0.1536 2.2680 
0.0274 0.1392 1.6573 
0.0083 0.0819 2.9630 
0.0083 0.0728 1.8750 

1.8284 
1.5776 
2.4490 
1.8239 
3.0532 
1.9561 

3 

1.0 0.1 –.33 
1.0 0.1 –.30 
1.5 0.1 –.33 
1.5 0.1 –.30 
2.0 0.1 –.33 
2.0 0.1 –.30 

0.0909 0.1687 0.3991 0.0683 
0.0909 0.1563 0.3200 0.6250 
0.0274 0.0912 0.3568 0.1425 
0.0274 0.0829 0.2683 0.9667 
0.0083 0.0438 0.2721 0.2484 
0.0083 0.0391 0.1920 1.2500 

0.7270 
1.1922 
0.6179 
1.3453 
0.5726 
1.4894 

 
In Table 2, we report the ranges for the parameters that produce the maximum percentage 

error in the sum of the non-zero probabilities. In the error analysis the value of k is taken to be 
the integer part of –1/c. We also report the specific parameter values at which the maximum 
truncation error occurs. For example, when 0.01 <   0.50, 0.1  b  10.0 and –0.18   c   
–0.01, the maximum truncation error with at least 5 non-zero probability classes is –0.4834. 
When 0.1 < b < 1.0, the maximum truncation error in the probabilities occurs at the maximum 
value of  in the interval and the minimum value of b = 0.1. As  values increase, the range of c 
values decreases in order to have a maximum truncation error of less than 0.5%. For fixed , as 
the number of non-zero probability classes increases, the truncation error decreases. 
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Table 2. Maximum percentage error and the corresponding parameter values 

Range of parameters values 
  b c 

% Truncation error ( , b, c) k 

[0.01,0.50] [0.10,1.0] [–0.18,0) 
[0.51,1.00] [0.10,1.0] [–0.15,0) 
[1.01,1.50] [0.10,1.0] [–0.14,0) 
[1.51,3.00] [0.10,1.0] [–0.10,0) 
[3.01,6.50] [0.10,1.0] [–0.08,0) 
 
[0.01,1.00] [1.01,10] [–0.25,0) 
[1.01,2.00] [1.01,10] [–0.25,0) 
[2.01,3.00] [1.01,10] [–0.25,0) 
[3.01,3.41] [1.01,10] [–0.25,0) 

–0.4834 (0.50, 0.1, –0.17) 
–0.3314 (1.00, 0.1, –0.15) 
–0.2209 (1.50, 0.1, –0.11) 
–0.4571 (3.00, 0.1, –0.10) 
–0.3695 (5.06, 0.1, –0.08) 

 
–0.0268 (1.00, 1.01, –.25) 
–0.1347 (2.00, 1.01, –.25) 
–0.3663 (0.39, 1.01, –.25) 
–0.4977 (0.36, 1.01, –.25) 

5 
6 
9 
10 
12 
 
4 
4 
4 
4 

 
When c < 0 and k   4, the QNBD can be used in general when 0.01 <   3.0 for any 

value of b > 1. If b < 1 and .01 < < 3, the range of c values decreases to –.18   c < 0. When 
b < 1 and k   4, the QNBD can be used in general when .01 <   6.5 and –0.08   c < 0. 

3. Truncated Quasi-Negative Binomial Distribution 

A truncated quasi-negative binomial distribution (TQNBD) is defined as 
 

 ( ) ( ) /x kP X x P f x Q   , x = 0, 1, 2, …, k, (2.1) 

 

and zero otherwise, where f(x) is given by (1.1), 0 ( )k
k xQ f x ,> 0, b > 0 and 

c  . The model in (2.1) is truncated on the right hand side. One may define a model 
that is truncated on the left hand side or truncated on both sides. However, these other 
truncation types will not be considered in this paper. The quantity k in (2.1) is any positive 

integer less than or equal to the largest observed value of x such that 1 0ck   when c < 0. 
We now consider the different cases for the values of c in the parameter space. 
 
(i) When c < –1: 

The condition 1 0ck   is satisfied only when k = 0. This case leads to a degenerate 
probability function as the whole probability mass is concentrated at the point x = 0. 
 
(ii) When –1   c < –0.5: 

The maximum value that k can have is 1 and so the TQNBD reduces to the Bernoulli 

distribution with 
1

0

1
1

1 1

b
P

b c b c

            
 and 

1

1

1

1 1 1

b c
P

b c b c b

               
.  
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(iii) When –0.5   c < 0: 
The value of k can be any positive integer  –1/c. The largest observed value of x in a 

random sample is usually taken as an estimate of k. 
 
(iv) When c   0: 

The quantity f(x) is positive for all values of x and so the largest value of k is + . By 

using Theorem 3 of Li et al. (2008), kQ  = 1 for k=  . Hence, f(x), for x = 0, 1, 2, … in (2.1) 
will provide a true probability distribution.  

For any positive integer k, the probability distribution in (2.1) represents a TQNBD and it 
is a true probability model for any value of c. The first two probabilities of the TQNBD are

 0 0 / / (1 ) /k kP f Q b b Q
    and 1

1 1 / / [(1 ) ]k kP f Q b b c Q      . The ratio of the first two 

probabilities is 1
1 0/ (1 ) (1 )P P b b c       . The population mean k  and the population 

variance 2
k  of the TQNBD can be expressed as 

 

 
1

0

( ) ( )
k

k k
x

E X Q xf x 


   and 
2 2 1 2 2

0

( ) ( )
k

k k k k
x

E X Q x f x  


    .  (2.2) 

 
The mean and variance in (2.2) are not in closed forms and hence it is difficult to 

determine the parameter region where the variance is less than (or larger than) the mean. 

Based on (2.2) and the ratio 1 0/P P , it is not easy to estimate the TQNBD parameters by 

using the first two moments and the ratio of the first two frequencies. Suppose a random 
sample of size n is taken from the TQNBD in (2.1) and let the observed frequencies be 

denoted by xn , x = 0, 1, 2, …, k for the different classes so that 0
k
x xn n  , where k is the 

largest observed value of x. 
The log-likelihood function of the TQNBD is given by 
 

    
0

log log ( ) / ( ! ( )) log(1 ) log (1 ) / (1 )
k

x
x

L n x x cx x cx b cx 


           

   log / (1 ) log kb b cx Q    . (2.3) 

 
The likelihood equations can be obtained by taking the partial derivatives of (2.3) with 

respect to the parameters , b and c. The likelihood equations have to be solved numerically 
either by the Newton-Raphson method or some other iterative technique. We have not been 
able to show if the solutions to the likelihood equations are unique. The initial estimates for 
the parameters of TQNBD can be taken as the final estimates when a non-truncated QNBD is 
fitted to the data. We now describe the initial estimates for finding the maximum likelihood 
estimates (MLE) of the non-truncated QNBD. 

Since the QNBD in (1.1) reduces to the negative binomial distribution (NBD) when c = 
0, we find the moment estimates of  and b when c = 0. These estimates with c = 0 can be 
used as the initial estimates for finding the MLE of QNBD parameters. Alternatively, one can 
take the moment estimates of  and b plus the estimate of c from equating the QNBD 
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probability of 1 to the sample proportion of 1. This initial estimate of c is given by 
1/(1 )

1( / ) 1c n b n b     , where   and b  are the moment estimates from the NBD. 

 

Table 3. Number of absenteeism among shift-workers 

Count 
Observed 
frequency 

Expected frequency 
NBD GNBD (GOa) QNBD TQNBD 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

25 – 48 

7 
16 
23 
20 
23 
24 
12 
13 
9 
9 
8 
10 
8 
7 
2 
12 
3 
5 
4 
2 
2 
5 
5 
2 
1 
16 

11.13 9.23 12.40 10.10 
15.74 16.18 15.92 16.76 
17.77 19.86 17.25 19.40 
18.36 21.06 17.52 19.60 
18.10 20.50 17.19 18.60 
17.32 18.78 16.50 17.12 
16.24 16.46 15.59 15.51 
15.01 14.02 14.56 13.96 
13.72 11.79 13.46 12.52 
12.43 9.95 12.35 11.23 
11.19 8.55 11.26 10.09 
10.01 7.54 10.20 9.09 
8.91 6.84 9.19 8.21 
7.90 6.33 8.24 7.43 
6.98 5.94 7.36 6.75 
6.14 5.61 6.54 6.16 
5.40 5.29 5.79 5.63 
4.73 4.97 5.11 5.16 
4.13 4.64 4.48 4.75 
3.61 4.28 3.92 4.38 
3.14 3.92 3.42 4.05 
2.73 3.55 2.97 3.75 
2.37 3.19 2.57 3.49 
2.06 2.84 2.22 3.25 
1.78 2.50 1.91 3.03 
11.10 14.13 10.08 7.98 

Total 248 248.00  248.00 248.00 
̂  

b̂  
ĉ  

 
1.679 (0.177) 1.447 (0.290) 5.188 (4.674) 
0.187 (0.022)  0.144 (0.047) 0.943 (1.219) 
 –0.007 (0.008) 0.155 (0.075) 

c2 
df 

p-value 
 

15.97 8.27 19.91 18.66 
17 15 16 16 
0.5260 0.9125 0.2243 0.2867 

aGupta and Ong (2004) 
cWe combined adjacent classes for chi-square values as it was done in Gupta and Ong (2004). 
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4. Application to the Number of Absenteeism  

among Shift-Workers 

Gupta and Ong (2004) defined a new generalization of the negative binomial distribution 
(GNBD) by mixing the mean of Poisson distribution with that of a generalized gamma 
distribution. The probability mass function of the new generalized negative binomial 
distribution, characterized by four parameters, is in terms of the confluent hyper geometric 
function of the second kind. The new distribution is fitted to a data set (from Arbous and 
Sichel (1954)) on absenteeism among shift-workers in a steel industry. 

By using the SAS PROC NLMIXED, the ML estimates for the parameters of the 
QNBD are obtained and these are reported in Table 3. Since NBD is a special case of the 
QNBD, the estimates from the NBD are also reported in Table 3. The log-likelihood 
statistics for the NBD and the QNBD are respectively –794.00 and –793.68. In comparing 
the fit from NBD to the fit from QNBD, it appears there is no difference between the two 
fits. Furthermore, the estimate of parameter c with its standard error in the QNBD model 
shows that the parameter is not significantly different from zero. Thus, the QNBD model 
does not provide any improvement over the NBD. The results from the chi-square goodness 
of fit seem to suggest that the fit of the NBD is slightly better since the chi-square statistic 
is 15.97 compared to the 19.91 for QNBD. These chi-square values depend on how the 
adjacent classes are combined. 

On fitting the QNBD, we compute the truncation error to see if this is negligible. The 
percentage truncation error is 2.366%, which is substantially larger than the 0.5% used in our 
error analysis. Based on this result, we fit the TQNBD to the data on number of absenteeism 
and the expected frequencies under the TQNBD are provided in Table 3. The final ML 
estimates from QNBD are used as the initial for the ML estimates of TQNBD. The log-
likelihood for the TQNBD is –777.41, which is substantially smaller than the result from the 
QNBD. Based on the results in Table 3, the TQNBD model seems to provide better fit than 
the NBD and the QNBD models. 

5. Conclusion 

In this paper, we provide the region of the parameter space for which the percentage 
truncation error is below 0.5%. One needs to ensure that the number of non-zero probability 
classes is at least five (that is, k  4). By using the parameter region specified in Table 2, one 
can determine if the estimated parameter values are in the region where the truncation error is 
negligible. For an observed data set, the observed value of k needs to be close to the integer 
part of –1/ ĉ  in order for the percentage truncation error to be negligible. When c< 0, one can 
use the truncated QNBD. However, one should consider the non-truncated QNBD if the 
truncation error is negligible. 

For the parameter estimates of QNBD in Table 3, the maximum percentage error of 
truncation is –0.2209%. This value is under the assumption that QNBD probabilities are 
computed for all integer values of k –1/ ĉ  142. However, the data get truncated well 
below 142. In view of this situation, the truncation error is no longer negligible and a 
TQNBD is considered. 
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By using the results in Li et al. (2008), the mean and variance of the QNBD in (1.1) are 
given by 

 *
0

( ) ( / ) ( 1) / [ ( )]i

i

E X c b i b  


      , (4.1) 

 

 
2
*

0

( 1)( 2) ( 1)

( )

i

i

c i i i

b b

 

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          + 2

0

( 1) ( 2)

( )

i

i

c i i

b b







        – 2

* . (4.2) 

 
From (4.1) and (4.2), the mean and variance do not exist when the parameter c > 0. The 

QNBD is truncated at a point k such that 1 + kc  0 when c < 0. When c = 0, QNBD reduces 
to the NBD and it is over-dispersed (i.e. the variance is greater than the mean). It is not easy 
to show if the QNBD has the property of both over-dispersion and under-dispersion. In the 
error analysis, we noticed that for some parameter values the mean is smaller than the 
variance and in others the mean is larger than the variance. Based on this, we conjecture that 
the QNBD has both under-dispersion and over-dispersion properties. Since the TQNBD is 
more difficult to estimate, one should apply the QNBD whenever the truncation error is 
negligible. A recommendation is to first fit the QNBD to an observed data set and check if the 
percentage truncation error is less than 0.5%. If not, consider fitting a TQNBD to the data set. 
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A NEW FAMILY OF SKEW SLASH
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Abstract

In this paper we present a new family of univariate slash distributions, which arises as

the ratio of logistic distribution and independent uniform power function distribution.

Slash logistic and skew Slash logistic distributions were derived and the properties

were studied. Logistic and skew logistic distributions are special cases of this new

family. These distributions provide us an alternative choices in simulation study and

in particular, in fitting skewed data sets with heavy tails.

Keywords: Logistic distribution; slash distribution; skew logistic distribution; slash logistic

distribution; slash skew logistic distribution.

1. Introduction

Univariate skew-symmetric models have been considered by several authors. In the last

two decades there has been substantial work in the area of skew-normal (SN) and related

distributions (see, Azzalini (1985)). For a more detailed discussion refer to Azzalini (2005).

The main feature of these models is that a new parameter λ is introduced to control skewness

and kurtosis. Gupta et al. (2002) provided detailed discussion of skew-symmetric models

based on the normal, Student t, Cauchy, Laplace, logistic and uniform distributions. Also

similar constructions were developed by Balakrishnan and Ambagaspitiya (1994), Arnold

and Beaver (2000), Branco & Dey (2001) and Jones & Faddy (2003). Symmetric distribu-

tions generalizing normality have got more attention in the statistical literature. One such

extension is the class of standard slash distribution proposed by Kafadar (see, 1982 and

1988), which have heavier tails than normal distribution. Genton and Wang (2006) gener-

alized the univariate slash normal of Kafadar to multivariate skew-slash and investigated its

properties. They applied their skew-slash distributions to fit AIS and glass-fiber data. Tan

and Feng (2005) introduced the multivariate slash student distributions and the skew-slash

student distributions. Arslan and Genc (2009) introduced a generalization of the multivari-

ate slash distribution. Recently Bindu (2011(a) and (b)) introduced a new family of skewed

slash distributions generated by normal and Cauchy kernels. Also Bindu (2011(c)) inves-

tigated several properties of multivariate asymmetric slash Laplace distribution and Bindu

(2011 (d)) introduced the multivariate skew-slash t and skew-slash Cauchy distributions.

∗E-mail address: ppbindukannan@gmail.com
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The present paper introduces a new skewed family of distributions; skewed slash logis-

tic distribution. This article is organized as follows. Section 2 gives the overview of the

slash distribution. Section 3 defines the slash Logistic distribution and discuss various of

its properties. In section 4, introduces the slash skew Logistic distribution and explore its

properties. Finally, Section 5 discusses the possible applications of the model.

2. Overview of Slash Distribution

Kafadar (1988) proposed the univariate standard slash distribution as a heavy tailed

alternative to the normal distribution. The standard slash distribution is obtained as the

distribution of the ratio X = Y
U1/q , where Y is a standard normal random variable, U is an

independent uniform random variable over the interval (0,1) and q > 0. The probability

density function (pdf) of the univariate standard slash distribution is symmetric about the

origin and has heavier tails than those of the normal density. When q = 1 we obtain the

canonical slash, which has the same tail heaviness as the Cauchy and for q → ∞ yields the

normal distribution. The probability density function (pdf) of the univariate slash distribu-

tion is given by

g(x;q) =
Z 1

0
u1/q f (xu1/q) du , −∞ < x < ∞, (2.1)

where f (·) is the standard normal pdf.

Then its cdf is

G(x;q) =

Z x

−∞
g(x;q) dx =

Z 1

0
F(xu1/q) du, (2.2)

where F(·) denote the standard normal cdf. In terms of v = u1/q the pdf of standard slash

distribution can be obtained as

h(x;q) = q

Z 1

0
vq f (xv) dv;−∞ < x < ∞. (2.3)

In particular for x = 0 we have

h(0;q) =
q

(q+1)
√

2π

The closed form expression for the pdf can computed for various values of q,

h(x,1) =

{

φ(0)−φ(x)
x2 ; x 6= 0

φ(0)
2

; x = 0

h(x,2) =

{

2((Φ(x)−Φ(x))/x−φ(x))
x2 ; x 6= 0

2φ(0)
3 ; x = 0

where φ(·) and Φ(·) denotes the standard normal pdf and cdf respectively.

The expectation and the variance of the standard slash distribution are given by

E(X) = 0, f or q > 1,
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Var(X) = q/(q−2), f or q > 2.

A general slash distribution is obtained by scale multiplication and location shift of a

standard slash random variable. That is, X has a general slash distribution with parameters

µ, σ and q if,

X = σ
Y

U1/q
+ µ,

Where Y is a standard normal random variable, U is an independent uniform random vari-

able over the interval (0,1), µ ∈ ℜ, σ > 0 and q > 0.

General properties of this distribution are studied in Rogers and Tukey (1972) and

in Mostelles and Tukey (1977). Maximum likelihood estimates (MLEs) of the related

location-scale family are discussed in Kafadar (1982). Recently, Wang and Genton (2006)

described multivariate and skew-multivariate extensions of the slash distribution.

3. Slash Logistic Distribution

The slash logistic distribution can be defined as the distribution of the ratio X = Y

U1/q

where Y is a logistic random variable and U is an independent uniform random variable

over (0,1) and q > 0. It is denoted by X ∼ SLO(β;q).

Definition 3.1. A random variable X denoted by X ∼ SLO(β;q) is said to have a slash

logistic distribution if its probability density function is

h(x;β) =
q

β

Z 1

0
vq exp

(−xv

β

){

1+exp

(−xv

β

)}−2

,−∞ < x < ∞, (3.1)

where γ > 0, β > 0, q > 0 and λ ∈ R.

The cdf is given by

H(x;q) = q

Z 1

0
vq−1

{

1+exp

(−xv

β

)}−1

dv. (3.2)

Figure (1) gives the probability density curves of the slash logistic distribution along with

Logistic distribution.

We can see that the slash logistic density is symmetric, kurtosis and tail. Thus, (3.1)

allows for a greater degree of flexibility and is useful in many more practical situations,

such as in the modeling of detector relative efficiencies, extreme wind speeds, measurement

errors, position errors in navigation, stock return, the Earths magnetic field and wind shear

data.

Remark 3.1. Note that the slash Logistic random variable in (3.1) is a scale mixture of the

logistic random variable and so it can be represented as,

X|(U = u)∼ LO(0,u−1/qβ).
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Figure 1. Slash logistic density functions for various values of parameters, along with

logistic density.

Remark 3.2. If X ∼ SLO(0,1;q) then its pdf h(x;q) and cdf H(x;q) has point mass at the

origin. That is, when x = 0,

h(0,q) = q

Z 1

0
vq f (0) dv =

q

4(q+1)
,

and

H(0,q) =
1

4
.

Remark 3.3. The limiting distribution of the standard slash logistic distribution

SLO(0,1;q), q → ∞, is the standard logistic distribution LO(0,1).

Proof. If X ∼ CLO(0,1;q) then consider the distribution function H(x;q) given by

(3.2).

lim
q→∞

H(x;q) = lim
q→∞

Z 1

0
F(xu1/q) du =

Z 1

0
F(x) du = F(x),

where F(x) is the cdf of the standard logistic distribution. Hence as q → ∞, the standard

slash logistic yields the logistic density itself.

Remark 3.4. If X ∼ SLO(0,1;q) with pdf h(x;q) given by (3.1). Then Y = |X |, has the pdf

2 h(y;q) I(y>0).

Proof.If Y = |X |, the pdf of Y can be obtained as,

f (y) = h(−y;q)+h(y;q) = 2 h(y;q) I(y>0),
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which is the half slash logistic density.

4. Skew Slash Logistic Distribution

In this section we define the skewed generalization of the slash logistic distribution

using the method of Azzalini (1985). A result which is central to the development of the

skew-normal and related distribution appeared in Azzalini (1985), and we refer to Azzlini

(2005) for a more general form, is given below.

Lemma 4.1. Let X be a random variable with density function f (y) symmetric about 0, and

Z a random variable with absolutely continuous distribution function G(y) such that Ǵ(y)

is symmetric about 0, then for any λ > 0,

h(y/λ) = 2 f (y)G(λy), −∞ < y < ∞, (4.1)

is a density function for any real λ.

For example, the skew normal distribution is obtained by taking f ≡ φ and G ≡ Φ in

(4.1).

The random variable X = Y

U
1
q

is said to follow a skew-slash logistic distribution, if Y

follow a skew-logistic distribution distribution and U is independent uniform distribution

over the interval(0,1). Then the probability density function of X is given by,

f (x;λ,β,q) = 2q

Z 1

0
vq

exp
(

−xv
β

)

β
{

1+exp
(

−xv
β

)}2{

1+exp
(

−λxv
β

)}

dv,x ∈ R, (4.2)

where λ ∈ R, β > 0 and q > 0.

Figure (2) gives the probability density curves of the skew-slash logistic distribution

along with Laplace distribution.

We can see that the skew-slash logistic density is symmetric, negatively skewed and

positively skewed for λ = 0, λ < 0 and λ > 0 respectively. The main feature of the skew-

slash logistic distribution in (4.2) is that the parameters λ and q control skewness , kurtosis

and tail. Thus (4.2) allows for a greater degree of flexibility and is useful in many more

practical situations, such as in the modeling of detector relative efficiencies, extreme wind

speeds, measurement errors, position errors in navigation, stock return, the Earths magnetic

field and wind shear data.

4.1. Properties

The following properties of the probability density function (4.2) hold. For most of

them the proof is immediate.

(i) If X has the skew-slash logistic distribution with skew parameter λ. Then for λ = 0,

X has the slash logistic distribution.
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Figure 2. Skew slash logistic density functions for various values of parameters, along with

logistic density.

(ii) If X has a skew-slash logistic distribution with skew parameter λ, then −X also has a

skew slash logistic distribution with skewness parameter −λ.

(iii) If Yλ(y) and Y0(y) are respectively the skew-slash logistic distribution with skewness

parameter λ and the slash logistic random variables. Then

|Yλ(y)| → |Y0(y)| as λ → ∞.

That is, when λ → ∞ the half skew-slash logistic distribution tends to half slash lo-

gistic distribution. This result implies that all even moments of Yλ(x) and Y0(x) are

the same. This property is referred to as Perturbation invariance.

(iv) If Yλ follows a skew-slash logistic distribution and Y is slash logistic distribution.

Then for any even function h, h(Yλ)
d
= h(Y), since from [p3.] we have |Yλ| d

= |Y |.
Also

Y 2
λ

d
= Y 2.

5. Discussion

The skew slash logistic distributions is a family of slash distributions. The logistic distri-

bution belongs to this family, since when the skewness parameter is zero and tail parameter

tends to infinity the skew slash logistic distributions reduces to the Logistic distribution.

The slash Logistic family is also belongs to this family when the skewness parameter is
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zero. This new family of distributions has wide flexibility in tail behavior and peaked-

ness and can be applied to data from different contexts especially for heavy-tailed data

sets. Heavy-tailed distributions are commonly found in complex multi-component systems

like ecological systems, biometry, economics, sociology, internet traffic, finance, business

etc. Finally, skew-slash logistic distribution could be employed to deal with skewed data,

heavy-tailed data and data which are both skewed and heavy-tailed.
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Abstract 

The distribution of the sample covariance based on a sample from a bivariate normal 
population has been derived in the literature by many authors. Some used conditionality 
principle, some used inverse Mellin transform and some used simple transformations. The 
main contribution of the paper is the direct derivation of the general moment structure of 
sample covariance via a lemma dealing with a infinite sum of product of two gamma 
functions. Integer valued moments of any order are also derived in terms of hypergeometric 
function. Some corollaries have been deduced which have potential for further use in 
mathematics and statistics. The probability density function, skewness and kurtosis have been 
graphed. 
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1. Introduction 

Let 11a  and 22a  be the mean centered sum of squares, and 12a , the mean centered sum of 

products for samples of size ( 2)N   drawn from a bivariate normal distribution with means

1  and 2 , variances 2
1  and 2

2 , and covariance 12 1 2   . Then 2
ii ia ms , 

12 1 2a mrs s ,  1,( 1,2)m N i   , 2
1s  and 2

2s are sample variances and r is the product 

moment correlation coefficient. The joint density function of mean centered sum of squares 

and sum of products at 11a  and 22a  12a , originally due to Fisher (1915), is given by  
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 (1.1) 

 

11 22 120,  0,  ,  2a a a m       and 1 1    (Anderson, 2003, 123). 
 

Because of the importance of Wishart distribution in multivariate statistical analysis, 
various authors have given different derivations. See Gupta and Nagar (2000, 87-88) and the 
references therein for a good update on the Wishart distribution.  

The distribution of the sample covariance based on a sample from a bivariate normal 
population has been known. Pearson, Jeffery, and Elderton (1929) used simple transformation 
on the distribution of sample variances and covariance. Wishart and Bartlett (1932) also 
studied the distribution of covariance by inverting the characteristic function of sample 
variances and covariance. Mahalanobis, Bose and Roy (1937) reviewed the distribution of the 
generalized variance (determinant of variance covariance matrix) due to Wilks (1932), 
distribution of the ratio of correlated standard deviations due to Bose (1935), the distribution 
of sample covariance due to Pearson, Jeffery, and Elderton (1929) and many other aspects of 
the distribution of sample variances and correlation coefficient. Springer, (1979, 343) derived 
the distribution of sample covariance by inverse Mellin transform.  

We sketch the derivation of the density function of sample covariance by making simple 
transformations on the distribution of sample variances and covariance as was done by 
Pearson, Jeffery, and Elderton (1929) just to make the paper self-contained for today’s 
readers. Standard notations have been used throughout the paper. The main contribution of 
the paper is the derivation of general moments of the distribution with the help of a lemma 
that involves infinite sum of a product of gamma functions. Integer valued moments of 
sample covariance of any order have been derived in terms of hypergeometric function. A 
number of corollaries have been deduced which has potential for applications in mathematics 
and statistics. The probability density function, the coefficient of skewness and coefficient of 
kurtosis have been graphed. 

The following results will be used in sequel: 
 

 2 1
2(2 )! 2 ! ( ).zz z z     (1.2) 

 

The modified Bessel function of the second kind or the Macdonald function admits the 
following integral representation (Watson, 1993, 183):  

 

 
2

( 1)1 1
2 2

0

( ) ( ) exp .
4

y
K y y t t dt

t
 
          (1.3) 

 

The hypergeometric function 1 2 1 2( , , , ; , , , ; )p q p qF a a a b b b z  is defined by 
 

 
     
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kb b b




  (1.4) 

 

where { } ( 1) ( 1).ka a a a k     
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2. Distribution of the Sample Covariance 

In this section, we derive the distribution of sample covariance 12( / )W a m by 

integrating out 11a  and 22a   from the density function (1.1) as was done by Pearson, Jeffery 

and Elderton (1929). 
 

Theorem 2.1. Let 12 /w a m , be the sample covariance based on a sample from a 

bivariate normal distribution. Then the density function of W is given by  
 

  
( 1)/2
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1 ( 1)/22 2( 1)/2 2
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             

  (2.1) 

 

where 1 20, 0, 1 1,        2m  and ( )K x is the modified Bessel function of the 

second kind represented by (1.3). 
 

Proof. It follows from (1.1) that the density function of 12a Z is given by 
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where  
2

( 3)/22
2 2 2 2
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x y
I m xy z dydx    
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

        . 

 

Letting 2xy z u  , i.e., 2( ) /y z u x   with Jacobian ( ) 1/J y u x  , we have 
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Completing the integral in u and substituting 2 2 1
1[2(1 ) ] x t    in the resulting 

integral, we have  
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Putting ( 1) ( 3) / 2m     and 2 2 2 2
1 2[(1 ) ]y z     , in the Bessel function of 

the second kind given by (1.3), and using the property ( ) ( )K z K z   , we have 
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( 1)/2 2 ( 1)/2 ( 1)/2

1 2 ( 1)/2 2
1 2

1 | |
( , ) 2 [(1 ) ]  | | .

2 (1 )

             

m m m
m

m z
I m z K         

              (2.3). 

 
By using (2.3) in (2.2) and performing a bit of simplification, we have (2.1). 
The probability density function in (2.1) has been graphed in Figure 1 below: 
 

 
a)  = -0.1  b)  = -0.5  c)  = -0.9 

 
d)  = 0.1  e)  = 0.5  f)  = 0.9  

 

  = 0  
m=3 (red), 6 (green), and 8(blue) 

Figure 1. Density function for the sample covariance at various values of  and m. 
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The density function of 2 1
1 2[(1 ) ]m W       at   is given by 
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which was obtained by Springer (1979, 343) by inverse Mellin transform. Some interesting 
forms of the density function of sample covariance are pointed by Press (1967).  

3. Moments of the Sample Covariance 

The higher order moments of the sample covariance 1 2W S S R  can be calculated 

directly from the density function derived in Theorem 2.1. In this section we will derive them 
from (1.1). Since the moments of sample covariance involves infinite sum of product of 
gamma functions, we have the following lemma to have closed form expressions. 

 
Lemma 3.1. Let 1 1   , 2,m   and c and d are real numbers. Also let  
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Proof. By using (1.2) in ( ; , )g k c d , we have 
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which can be expressed as what we have in part (a) by virtue of (1.4). By using (1.2) in 
( ; , )g k c d , we have 
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which can be written as part (b) by virtue of (1.4). 

 
Theorem 3.1. Let W be the sample covariance based on a bivariate normal distribution. 

Then, for any real number h , the -thh  moment of W is given by  
 

   
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where 1 20,  0,  1 1        and 2m  . 

 

Proof. Under the transformation 2 2
11 1 22 2 12 1 2, ,a ms a ms a mrs s    in (1.1) with 

Jacobian 3 2 2
1 24m s s , the joint density function of the sample standard deviations (1 2,S S ) and 

correlation coefficient R  is given by 
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 (3.1) 

 

Since 1 2W S S R , the -thh  moment of W is given by 1 2( ) ( )h h h hE W E S S R  which is 

( , , )-thh h h  moment of the joint density function of 1 2,S S  and R . Hence, we have 
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Having evaluated the gamma and beta integrals, we have the theorem. 
 
Theorem 3.2. Let W , be the sample covariance based on a sample from a bivariate 

normal distribution. Then for any real number h , the (2 )-thh  moment of W is given by 
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where 
1 20, 0, 1 1,        2m   and 1 2 1( , ; ; )p qF a a b z  is the generalized hypergeometric 

function defined by (1.4). 
 
Proof. From Theorem 3.1, we have  
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where ( ;0,0)g k is defined in Lemma 3.1. Note that 
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the proof is complete by using Lemma 3.1. 

 
Corollary 3.1. Let W  be the sample covariance based on a sample from a bivariate 

normal distribution, and h  be an integer. Then the 2 -thh  moment of sample covariance is 
given by  
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where 1 20, 0, 1 1,        2m  . 

 

Proof. If h is an integer in (3.2), then 21 ( 1) 2,h    and 21 ( 1) 0h   . Then the 

corollary follows from Theorem 3.2.  
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Theorem 3.3. Let W , be the sample covariance based on a sample from a bivariate 

normal distribution. Then for any real number h , the (2 1)-thh   moment of W is given by 
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where 1 20,  0,  1 1        and 2m  . 

 
Proof. From Theorem 3.1, we have  
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where ( ;1,2)g k  is given by Lemma 3.1. Since 
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we have  
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the proof is then complete by Lemma 3.1. 

 
Corollary  3.2. Let W  be the sample covariance based on a sample from a bivariate 

normal distribution. Then for any integer h , the  2 1 -thh   moment of sample covariance is 

given by  
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where 1 20,  0,  1 1        and 2m  . 
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Proof. If h is an integer in (3.4), then 21 ( 1) 2,h    and 21 ( 1) 0h   . Then the 

corollary follows from Theorem 3.3.  
 
Corollary 3.3. Let h be an integer, 2m   and 1 1   . Then we have the following 

integrals: 
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Proof. Part (a) follows from Corollary 3.1. Part (b) follows from Corollary 3.2. 
 
A more general integral can be derived from Theorem 3.1 for any real .h  
 
Corollary 3.4. Let W be the sample covariance based on a sample from a bivariate 

normal distribution. Then first four moments of sample covariance are given below: 
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where 1 20, 0, 1 1,        and 2m  . 

The centered moments of sample covariance of order a  is given by ( ) ,a
a E W    

1,2, ,a   that is the second, third and fourth order mean corrected moments are given by 
2 2

2 ( ) ,E W   3 2 3
3 ( ) 3 ( ) 2 ,E W E W      and 4 3 2 2 4

4 ( ) 4 ( ) 6 ( ) 3 .E W E W E W        
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Corollary 3.5. The first three non-zero centered moments of sample covariance based on 
bivariate normal distribution are given by 

 

2 2 2
2 1 2

1
a. (1 ) ,

m
      

2 3 3
3 1 22

2
b. (3 ) ,

m
       

4 2 4 4
4 1 23

3
c. [( 2) (2 12) ( 2)] ,m m m

m
           

 
where 1 20,  0,  1 1        and 2m   which matches with (32.126b) of Johnson, 

Balakrishnan and Johnson (1995, 601). 

The skewness and kurtosis are given by the moment ratios /2
2( ) ,  3,4i

i iW i    . 

That is, they are given by 
 

 
2

3 2 3/2

2 (3 )
( )  ,

(1 )
W

m

  
   and 

2 4

4 2 2

6(1 6 )
( ) 3

(1 )
W

m

  
     respectively. 

 
Note that the moment ratios match with Johnson, Kotz and Balakrishnan (1995, 601). 
 

If 0,   then 
3( ) 0W   and 4( ) 3.W   Moreover if m  , then 

3( ) 0W   and

4( ) 3.W   

 
The graph of skewness as a function of   at different values of m is produced in Figure 

2 below. 
 

 
m=3 (red), 6 (green), 15(blue), and 25 (yellow) 

Figure 2. Coefficient of  Skewness for different   and m. 
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The graph of kurtosis as a function of   at different values of m is produced in Figure 3 

below. 
 

 
3m   (red), 6 (green), 15(blue), and 25 (yellow) 

Figure 3. Coefficient of Kurtosis for different   and m. 

4. Conclusion 

In this paper we have derived closed form expressions of integer valued moments of 
higher order. This may lead to further investigation in statistical inference. 
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Abstract

The main objective of this article is to develop a direct Bayesian technique to de-

termine or estimate the order of two dimensional moving average processes. The

proposed technique is based on approximating the likelihood function by a matrix

normal-Wishart distribution on the parameter space. Combining the approximate like-

lihood with a matrix normal-Wishart (or vague prior) and an indirect technique to

estimate an initial value for the order, the marginal posterior probability mass func-

tion of the model order is developed in a convenient form. Then one investigates

the approximate posterior probability mass function of the model order over its grid

and selects the order with the maximum posterior probability to solve the identifica-

tion problem. A simulation study, with three different priors, is conducted in order to

inspect the numerical efficiency of the proposed Bayesian technique and compare it

with the well known AIC automatic technique. The numerical results show that the

proposed Bayesian technique is simple, efficient and easy to program.

Keywords: Identification, Two dimensional moving average processes, likelihood func-

tion, matrix normal-Wishart distribution, Probability mass function, AIC technique.

1. Introduction

Moving average processes have been widely used successfully to model time series data

arise in many areas of application such as economics, business, agriculture, engineering,

biometrics, geophysics, chemistry and environmental studies. The statistical analysis of

such data often requires modeling two time series jointly. In a study of consumer behavior ,

as an example, one may record spending on education y1(t) and spending on health services

y2(t). In a study of traffic accidents ,as another example , one may record the number

of accidents y1(t) and the number of fatalities because of the accidents y2(t). As a third

example, one may record the temperature y1(t) and humidity y2(t). These variables are

∗Permanent Address: Department of Statistics, Faculty of Economics and Political Science, Cairo Univer-

sity, Egypt
†Permanent Address: Department of Statistics, Faculty of Economics and Political Science, Cairo Univer-

sity, Egypt
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modeled and examined jointly in order to understand the nature of dynamic relationship

among the variables and to increase the precision of the estimates of the parameters and

future observations.

Of great importance in analyzing the two dimensional time series is identifying the

order of the process. In identification process , a time series analyst constructs the tools that

will be used to absorb information from the data to determine or estimate the model order.

However, it is well known that the solution of identification problem depends on subjective

opinions as well as mathematical and statistical arguments. It is well known also that there

is no optimum method is completely agreed upon to identify the model order.

With respect to univariate moving average processes, one may trace three different

non-Bayesian approaches to identify the model order . In 1970, Box and Jenkins presented

the first and most popular approach by matching the autocorrelation function computed

from the data with its theoretical counterpart. Their technique has been widely used bay

many others such as Chatfield (1980), Harvey (1981), Priestely (1981) and Liu (2009). The

second non-Bayesian approach to identify the order of univariate moving average processes

is what so called the automatic approach. Assuming the maximum order of the process is

known, the automatic approach is to fit all possible moving average models and compute

a certain criterion for each model. The identified model is then the model for which the

proposed criterion attains its optimal value. However, one may say that there is no com-

plete agreement on the form of the criterion to be optimized. Examples of the automatic

identification technique may be found in Akaike (1974), Schwarz (1978), Rissanen (1978),

Hannan and Quinn (1979), Terasvirta and Mellin (1986), Mills and Passad (1992), and

Beveridge and Oickle (1994). A third non-Bayesian approach is called a goodness of fit

approach. Assuming the correct value of the order q, the asymptotic distribution of the

residual correlations have a zero mean. Box and Pierce (1970) proposed a chi-square test to

identify the order of the process. The Chi-square test has been modified and improved by

Ljung and Box (1978).

On the other hand, Bayesian identification of univarate moving average processes

is being developed and the Bayesian literature devoted to the identification of moving aver-

age processes is sparse. One of the most important Bayesian contribution has been done by

Monahan (1983) who found a way to work with univariate autoregressive moving average

processes with low order. Assuming stationarity and invertibilty, he has developed a numer-

ical technique to implement the identification phase of low order autoregressive moving av-

erage processes which include moving average processes as a special case. Broemeling and

shaarawy (1988) have developed an approximate technique to identify the order of ARMA

processes. Shaarawy and Ali (2003) have developed a direct Bayesian technique to identify

seasonal autoregressive models. Shaarawy et. al. (2007) found a direct way to identify the

order of moving average processes. They developed an approximate posterior probability

mass function of the model order in a convenient form. Then, one may choose the order at

which the posterior probability mass function attains its maximum to be the identified order

of the time series being analyzed.

With respect to the two dimensional and multivariate versions, the identification prob-

lem, from a non-Bayesian view point, has been studied by Granger and Newbold (1973),

Tiao and Box (1981) and Tiao and Tsay (1983) by matching the cross correlation functions

of the data with their theoretical counterparts. On the other hand, Shaarawy et. al. (2006)
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have introduced a direct Bayesian technique to identify the order of bivariate autoregressive

processes. Their technique has been extended by Shaarawy and Ali (2008) to the case of

general vector autoregressive processes. However, one may say that the direct Bayesian

approach to identify the order of two dimensional moving average processes has not been

explored yet.

The main objective of this article is to develop an approximate direct Bayesian

technique to determine or estimate the order of two dimensional moving average processes.

Using n vectors of 2×1 observations, the marginal posterior probability mass function of

the model order is derived in an approximate convenient form using an approximate likeli-

hood function and a matrix normal-Wishart prior class of densities or a vague prior. Then

the time series analyst may inspect the approximate marginal posterior mass function of

the model order over its grid and selects the order with the maximum posterior probability

to be the identified or estimated order. A simulation study is conducted, using the mod-

ern specialized package SCA, in order to inspect the numerical efficiency of the proposed

Bayesian technique and compare it with some popular non-Bayesian technique.

The rest of this paper is structured as follows: Section 2 introduces the defini-

tion of the two dimensional moving average model of order q in matrix notations. Section

3 presents an indirect Bayesian technique to identify an initial order for the two dimen-

sional moving average processes. Section 4 develops an approximate marginal posterior

probability mass function of the order q and explains the idea of the proposed identifica-

tion technique. Section 5 is devoted to investigate the numerical efficiency of the proposed

Bayesian technique in solving the identification problems. The performance of the proposed

Bayesian technique is compared with the AIC in the same section.

2. Two Dimensional Moving Average Processes

As Box and Tiao (1981) have shown, a very useful class of models is the two

dimensional moving average processes, denoted by MA2(q) for short, defined by

y
¯
(t) = θq(B) ε(t) (2.1)

where y
¯
(t) is the vector of (2× 1) observations at time t, t = . . . ,−1,0,1,2, . . ., ε(t) is a

sequence of independent and normally distributed (2×1) unobservable random vector with

zero mean and a (2×2) unknown precision matrix T ,

θq(B) = I −θ1 B−θ2 B2− . . .−θq Bq

is a matrix polynomial in B, the θ′s are (2×2) matrices of real unknown constants, q is a

positive integer, and the backshift operator B is such that

B jy(t) = y(t − j) j = 1,2, . . .

The MA2(q) processes are always stationary no matter the parameters matrices θ′s are,

and are invertible if the roots of the determinant |θq(B)|, which is a polynomial in B, lie

outside the unit circle. The parameter space is constrained by invertibility conditions for

identifiability reasons, see Box and Jenkins (1970) and Box and Tiao (1981).
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In general, one can write the MA2(q) process as

y
¯
(t) = ε(t)− θ1 ε(t −1)− θ2 ε(t−2)− . . .− θq ε(t −q)

Thus, if we have n observations, we can express the general class of MA2(q) model as

Y = X1 θ
′

1 + X2 θ
′

2 + . . .+ Xq θ
′

q + U (2.2)

where

Y =
[

y(1) y(2) . . . y(n)
]
′

=











y(1,1) y(1,2)
y(2,1) y(2,2)

...
...

y(n,1) y(n,2)











n×2

X1 =











−ε
′
(0)

−ε
′
(1)
...

−ε
′
(n−1)











n×2

,X2 =











−ε
′
(−1)

−ε
′
(0)
...

−ε
′
(n−2)











n×2

, . . .,Xq =











−ε
′
(1−q)

−ε
′
(2−q)

...

−ε
′
(n−q)











n×2

In more compact form, one may write the general class of MA2(q) models as

Yn×2 = Xn×2q Θ2q×2 + Un×2 (2.3)

where

X =
[

X1 X2 · · · Xq

]

=













−ε
′
(0) −ε

′
(−1) . . . −ε

′
(1−q)

−ε
′
(1) −ε

′
(0) . . . −ε

′
(2−q)

.

..
.
..

.

..
.
..

−ε
′
(n−1) −ε

′
(n−2) . . . −ε

′
(n−q)













,

Θ =













θ
′

1

θ
′

2
..
.

θ
′

q













=





































θ
(1)
11 θ

(1)
21

θ
(1)
12 θ

(1)
22

· · · · · ·

θ
(2)
11 θ

(2)
21

θ
(2)
12 θ

(2)
22

· · · · · ·
.
.
.

.

.

.

θ
(q)
11 θ

(q)
21

θ
(q)
12 θ

(q)
22





































2q×2

U =
[

ε(1) ε(2) . . . ε(n)
]
′

and ε(t) =
[

ε(t,1) ε(t,2)
]
′

The expression (2.3) represents the general class of two dimensional moving average

models of order q. This class of model is quite useful in modelling and forecasting a lot

of two dimensional time series arise in many fields of application. In real applications, the

order q is usually unknown and should be identified or determined using the observed data
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about the two time series being analyzed. For Bayesians the order q is considered, in effect,

as additional unknown parameter for which the posterior probability mass function should

be developed in a convenient form. The main objective of this research is to develop such

mass function.

In order to achieve our main objective, let Sn =
[

y(1) y(2) . . . y(n)
]
′

be a

matrix of n×2 observations generated from the two dimensional moving average process

of order q on the form (2.3) where the order q is an unknown positive integer. Assuming

that ε(1−q) = ε(2−q) = . . . = ε(0) = 0
¯
, (see Hillmer and Tiao (1979)), the likelihood

function of the parameters Θ(q), q, and T can be written as

L(Θ(q),q,T|Sn) ∝ |T |
n
2 exp(−

1

2
tr

n

∑
t=1

ε(t) ε
′
(t) T ) (2.4)

where Θ(q) ∈ R
2q×2, T > 0, q = 1,2, . . .,Q, and Q is the maximum order of the process.

In general the likelihood function (2.4) is very complicated because the disturbances ε(t)

are non-linear function of the coefficients Θ. To see this, one may write the disturbances

vectors, form (2.2), as

ε
′
(t) = y

′
(t)−x

′

q(t −1) Θ(q) , t = 1,2, . . .,n (2.5)

where

x
′

q(t −1) =
[

−ε
′
(t −1) −ε

′
(t−2) . . . −ε

′
(t −q)

]

Thus, one may write the mth component of the residual vector ε(t) as

ε(t,m) = y(t,m)+
q

∑
k=1

2

∑
j=1

θ
(k)
m j ε(t −k, j) ,m = 1,2. (2.6)

The expression (2.6) is a recurrence relation for the residuals. This recurrence causes the

main problem in developing the exact Bayesian solution for the identification problem of

the two dimensional moving average processes. However (2.6) can be used to evaluate the

residuals recursively if one knows Θ and initial value of the residuals.

Using (2.6), the likelihood function (2.4) can be rewritten in the form

L(Θ(q),q,T|Sn) ∝ |T |
n
2 exp(−

1

2
tr

n

∑
t=1

H(Θ(q),q, t) T ) (2.7)

where H(Θ(q),q, t)= (hrs) is 2×2 matrix and

hrs =

[

y(t, r)+
q

∑
k=1

2

∑
j=1

ε(t −k, j) θ
(k)
r j

][

y(t, s)+
q

∑
k=1

2

∑
j=1

ε(t−k, j) θ
(k)
s j

]

(2.8)

The form (2.8) is not quadratic in the parameters θ’s because ε(t −k, j) is a function of θ’s

through the recurrence (2.6). If ε(t − k, j) are known, H(Θ(q),q, t) would be a quadratic

form in the parameters. The proposed approximation is based on replacing the exact resid-

uals ε(t) by their least squares estimates. The least square estimates, say ε̂(t), are obtained

by searching over the parameter space for the value of Θ, say Θ0, which minimizes the
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residual sum of squares ∑n
t=1 ε̂2(t, i) , i = 1,2. Before doing this process, one should have

an initial adequate value for the order q. It is proposed to obtain such value, say q0, by the

indirect technique presented in the next section. The least squares estimate Θ0(q0) and the

assumed initial values, namely zero, are then substituted in (2.6) to obtain the least squares

estimates of the residuals recursively. Substituting theses estimates in x
′

q(t − 1), one can

write (2.5) as

ε̂
′
(t) = y

′
(t)− x̂

′

q0
(t−1) Θ(q) (2.9)

where t = 1,2, . . .,n and x̂
′

q(t−1) is the same as x
′

q(t −1) but using the residuals estimates

instead of the exact ones,

Using the estimates of the residuals, one may rewrite the likelihood function (2.7) approxi-

mately as

L∗(Θ(q),q,T|Sn) ∝ |T |
n
2 exp(−

1

2
tr {

n

∑
t=1

[y
¯
(t)−Θ

′
(q) x̂q(t−1)][y

¯
(t)−Θ

′
(q) x̂q(t−1)]

′
T}) (2.10)

A convenient choice of the conditional prior of Θ(q) given q and T is

f1(Θ(q)|q,T) = (2π)
−4q

2 | R(q) |
2
2 |T |

2q
2 exp(−

1

2

tr [Θ(q)−D(q)]
′
R(q) [Θ(q)−D(q)]T) (2.11)

where the hyperparameters D(q) ∈ R
2q×2 and R(q) is a (2q×2q) positive definite matrix.

The precision matrix T is assigned, a priori, the following Wishart distribution

f2(T) ∝ | T |(a−3)/2 exp

(

−
1

2
tr V T

)

where V is a (2×2) positive definite matrix. Thus the joint prior distribution of Θ(q) and

T give q is assumed to be

f3(Θ(q),T|q) ∝ f1(Θ(q)|q,T) f2(T ) (2.12)

The class of prior distribution (2.12) is called matrix normal-Wishart class of distributions.

Let βi be the prior probability that the time series realization Y is generated from a two

dimensional moving average process of order i. Thus the prior probability mass function of

q is

βi = Pr[q = i] , i = 1,2, . . .,Q (2.13)

From (2.12) and (2.13), the joint prior distribution of the parameters Θ(q), T , and q is

f (Θ(q),q,T) ∝ βi (2π)
−4q

2 | R(q) |
2
2 |T |

1
2 [2q+a−3] exp(−

1

2

tr {[Θ(q)−D(q)]
′
R(q) [Θ(q)−D(q)]+V}T) (2.14)

If one can not or unwilling to specify the hyperparameters D(q), R(q), a, V and βi, one

might use Jeffrey’s vague prior

f (Θ(q),q,T) ∝ | T |−3/2 (2.15)
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3. Indirect Bayesian Identification Technique

The MA2(q) class of models is quite useful in modeling two dimensional time

series data and frequently q is not excess of 4. In practice the value of the model order q is

unknown and one has to identify it using the observed n vectors of 2×1 observations. The

direct Bayesian approach to identify the order q is to find the marginal posterior probability

mass function of the unknown q and use its mode to be the identified value. The approach

taken here is somewhat different from the direct approach. Instead of working directly with

the posterior distribution of q, it is proposed to focus on the marginal posterior distribution

of the coefficients

Θ =











θ1

θ2

...

θQ











2Q×2

(3.1)

where θi is a square matrix of order 2, i = 1,2, ...,Q. The maximum order Q is assumed

to be known.

Assuming that ε(0) = ε(−1) = . . . = ε(1−Q) = 0, the likelihood function of the

parameters Θ and T is

L(Θ,T |Sn) ∝ |T |
n
2 exp(−

1

2
tr{

n

∑
t=1

ε(t) ε
′
(t) T}) (3.2)

where Θ ∈ R
2Q×2, T is positive definite matrix, and

ε
′
(t) = y

′
(t)−x

′
(t −1) Θ , t = 1,2, . . .,n (3.3)

where

x
′
(t−1) =

[

−ε
′
(t−1) −ε

′
(t−2) . . . −ε

′
(t−Q)

]

The expression (3.3) is a recurrence relation for the residuals and the m-th component

of the residual ε(t) can be written as

ε(t,m) = y(t,m)+
Q

∑
k=1

2

∑
j=1

θ
(k)
m j ε(t −k, j) ,m = 1,2 (3.4)

The recurrence relation (3.4) causes the main problem in developing the exact Bayesian

analysis of two dimensional moving average processes. However, this recurrence may be

used to evaluate the residuals recursively if one knows Θ and the initial values of the resid-

uals. The proposed approximation is based on replacing the exact residuals by their least

squares estimated and assuming that ε(0) = ε(−1) = . . . = ε(1−Q) = 0. Thus, we estimate

the residuals recursively by

ε̂(t,m) = y(t,m)+
Q

∑
k=1

2

∑
j=1

ε̂(t −k, j) θ̂
(k)
m j (3.5)
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where t = 1,2, . . .,n ; m = 1,2, and θ̂
(k)
m j are the nonlinear least squares estimates of θ

(k)
m j .

Using the estimates of the residuals, one may rewrite the likelihood function (3.2) approxi-

mately as

L∗(Θ,T |Sn) ∝ |T |
n
2 exp(−

1

2
tr {

n

∑
t=1

[y
¯
(t)−Θ

′
x̂(t−1)][y

¯
(t)−Θ

′
x̂(t −1)]

′
T}) (3.6)

where x̂(t − 1) is the same as x(t − 1) but using the estimate residuals instead of the

exact ones.

A convenient choice of the prior density of the parameters Θ and T is the following

matrix normal-Wishart distribution:

ξ(Θ,T) ∝ ξ1(Θ|T) ξ2(T) (3.7)

where

ξ1(Θ|T) ∝ |T |
2Q
2 exp(−

1

2
tr [Θ−D]

′
W [Θ−D]T)

and

ξ2(T) ∝ | T |(a−3)/2 exp

(

−
1

2
tr V T

)

where the hyperparameters D ∈ R
2Q×2, W is a (2Q×2Q) positive definite matrix, a >

0 and ∑ is a (2× 2) positive definite matrix. If one has ”little” information about the

parameters, a priori, he may use the Jeffreys’ prior

ξ(Θ,T ) ∝ | T |−3/2 , Θ ∈ R
2Q×2 ,T > 0 (3.8)

Theorem 3.1. Using the approximate likelihood function (3.6) and the matrix normal-

Wishart prior density (3.7), the marginal posterior distribution of Θ is a matrix t with

parameters (A−1 B, A−1, C−B
′

A−1 B, ν) where

A = W +
n

∑
t=1

x̂(t−1) x̂
′
(t−1),

B = W D+
n

∑
t=1

x̂(t−1) y
′
(t),

C = D
′
W D+ V+

n

∑
t=1

y(t) y
′
(t),

and ν = n+a−1

Corollary 3.1. Using the approximate likelihood function (3.6) and the Jeffreys’ prior

density (3.8), the marginal posterior distribution of Θ is a matrix t with parameters

(A−1 B, A−1, C − B
′

A−1 B, ν). However, A, B, C and ν will be modified by letting

W −→ 02Q×2Q, a −→ −2Q , and V −→ 02×2.
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The reader is referred to Box and Tiao (1973) for the form and the properties of the

matrix t density function. Since Θ has a matrix t distribution, any subset of 2 rows has a

matrix t distribution. Also, the conditional distribution of a subset of rows given any other

subset of rows is a matrix t distribution, see Box and Tiao (1973). Furthermore, one can

test any subset of rows to be zero (marginally or conditionally) using exact F statistics. The

forms of the F statistics can be found in Box and Tiao (1973, pp. 451-453).

The proposed indirect Bayesian procedure to identify the order q is to do the back-

ward elimination procedure. One first tests H0 : θQ = 0 versus θQ 6= 0 using the marginal

posterior distribution of θQ which is a matrix t distribution. If H0 is not rejected, one

tests H0 : θQ−1 = 0 given θQ = 0 using the conditional posterior distribution of θQ−1

given θQ = 0 which is also a matrix t distribution. If the last H0 is not rejected, one tests

H0 : θQ−2 = 0 given θQ = θQ−1 = 0 using the conditional posterior distribution of θQ−2

given θQ = θQ−1 = 0 which is also a matrix t distribution. The procedure is continued in this

fashion until the hypothesis H0 : θq
0
= 0 is rejected for some q

0
where 0 < q

0
≤ Q. The

value q
0

is the proposed indirect Bayesian solution of the two dimensional identification

problem and the proposed initial value of our proposed direct Bayesian approach.

4. The Posterior Probability Mass Function of the Model Order

The main objective of this section is to develop an approximate posterior probabil-

ity mass function of the order q under the conditions outlined above. In order to do that, one

must combine the approximate likelihood function (2.10), via Bayes theorem, with the prior

distribution of the parameters (2.14). Thus the joint posterior distribution of the parameters

Θ(q), T , and q is

g(Θ(q),T,q|Sn) ∝ βi (2 π)
−4q

2 |R(q)|
2
2 |T |

α(q)
2

exp(−
1

2
tr {[Θ(q)−D(q)]

′
R(q) [Θ(q)−D(q)]+ V

+
n

∑
t=1

[y(t)−Θ
′
(q) x̂q(t −1)][y(t)−Θ

′
(q) x̂q(t −1)]

′
}T ) (4.1)

where

α(q) = n+2q+a−3 (4.2)

Theorem 4.1. Using the approximate likelihood function (2.10) and prior distribu-

tion (2.14), the marginal posterior probability mass function of the order q is

h(q|Sn) ∝ βi |R(q)| |A(q)|−1 |C(q)|−
1
2
(n+a)

k

∏
j=1

Γ(
n+a+ j−2

2
) , n > 1−a

where

A(q) = R(q)+
n

∑
t=1

x̂q(t−1) x̂
′

q(t −1) (4.3)

B(q) = R(q) D(q)+
n

∑
t=1

x̂q(t −1) y
′
(t) (4.4)
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and

C(q) = D
′
(q) R(q) D(q)+ V +

n

∑
t=1

y(t) y
′
(t)− B

′
(q) A−1(q) B(q) (4.5)

It might be noted that the proof of Theorem (4.1.) can be done by integrating (4.2) with

respect to Θ(q) and T respectively. However, the integral with respect to Θ(q) is done using

the matrix normal integral and the integral with respect to T is done using the generalized

gamma function. The reader is referred to Box and Tiao (1973) for the forms of the matrix

normal density and the generalized gamma function.

Theorem 4.2. Using the approximate likelihood function (2.10) and the non-informative

prior distribution (2.15), the marginal posterior probability mass function of the model

order q is

h1(q|Sn) ∝ (π)2q |A∗(q)|−1 |C∗(q)|−
1
2
[n−2q]

2

∏
j=1

Γ(
n+ j−2q−2

2
) , n > 1+2q

where

A∗(q) =
n

∑
t=1

x̂q(t −1) x
′

q(t −1) ,

B∗(q) =
n

∑
t=1

x̂q(t −1) y
′
(t) ,

and

C∗(q) =
n

∑
t=1

y(t) y
′
(t)− B∗ ′(q) A∗−1(q) B∗(q)

The proof of Theorem (4.2.) can be done using the same procedures used to prove

Theorem(4.1.).

The forms of the posterior probability mass function given by Theorem (4.1.) and (4.2.)

are convenient and could be easily programmed. Then one may inspect the posterior prob-

ability mass function over the grid of the order q and select the value of q at which the

posterior mass function attains its maximum to be the identified order of the two dimen-

sional time series data being analyzed.

5. A Numerical Study

One of the main objectives of this research is to study the effectiveness of the

proposed technique in identifying the order of two dimensional moving average processes.

In order to achieve this goal, six simulations have been conducted. The proposed technique

is employed, with three different prior distributions, to identify the order of MA2(1) model

with various parameter values. All computations were performed by using the modern

package SCA.

Our main concern is to study the effectiveness of the proposed Bayesian technique

by calculating the percentage of correct identification. Such effectiveness will be examined

with respect to the time series length (sample size) as well as the parameters of the selected
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model. For all sample sizes and parameters, the covariance matrix of the noise term is fixed

at

(

2 1

1 1

)

.

Simulation 1, as an illustration, begins with the generation of pairs of 500 data

sets of bivariate normal variates, each of size 300 to represent ε1(t) and ε2(t) respectively.

These data sets are then used to generate a pair of 500 realizations, each of size 300, from

MA2(1) process with Θ =

(

0.5 −0.4

−0.3 0.2

)

assuming the starting values are zero. For a

specific prior, the second step of simulation 1 is to carry out all computations, assuming

the maximum order Q = 4, required to identify each of the 500 realizations and finding the

percentage of correct identification. Note that the computations include the application of

the indirect Bayesian technique in order to get an adequate initial value q
0
, and use it on

applying our proposed direct Bayesian technique. Such computations are done for a specific

time series length n using the first n observations of each generated set. This second step is

repeated for each chosen sample size, maximum order, and prior combinations. The sample

size is taken to be 50, 100, 150, 200 and 300, while the maximum order Q is taken to be 4.

With respect to the prior probability mass of the order q, which is combined with the vague

prior Θ(q) and T , the following three priors are used

Prior 1 : ξ(q) = 1
Q

, q = 1,2, . . .,Q

Prior 2 : ξ(q) ∝ (0.5)q , q = 1,2, . . .,Q
Prior 3 : ξ(q = 1) = 0.4 ; ξ(q = 2) = 0.3 ; ξ(q = 3) = 0.2 ; ξ(q = 4) = 0.1,

The first prior assigns equal probabilities to the all possible values of the order q. The

second prior is chosen in such a way to give probabilities that decline exponentially with

the order, while the third prior is chosen in such a way to give probabilities that decrease

with an absolute amount 0.1 as the order increases.

Simulation 2 is done in a similar way but using Θ =

(

−0.5 0.4

0.3 −0.2

)

. The results

of simulations 1 and 2 are presented in Table 1. The other simulations are done in similar

way but using different values of Θ and their results are presented in Tables 2 and 3. The

parameters of the simulations have been chosen in such a way to satisfy the invertibility

conditions, see Harvey (1981). In some simulations, the parameters are chosen to be close

from non-invertibility region, see Table 3.

An inspection of the numerical results shows an increasing trend for the efficiency

of the proposed Bayesian technique as the sample size n increases. The percentages of cor-

rect identification are reasonably high, being greater than 68%, for all models and priors,

for samples of size 150 or more no matter what the parameters are. In addition, the percent-

ages of correct identification achieved using the third prior is higher than the corresponding

percentages achieved by the first prior, while the corresponding percentages achieved by

the second prior are the highest. Finally, for sufficiently large n, it is to be noticed that the

posterior results are not very sensitive to the minor changes between the second and third

prior distributions.

For the matter of comparison, the well known Akaik’s information criterion, de-

noted by AIC, has been used to identify the data sets, which have been used with simulations

1-6, and the percentages of choosing the correct orders have been calculated. For all consid-

ered models, the results of the proposed technique are less than the results of AIC if a small
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Table 1. Percentages of Correct Identification of the proposed Bayesian Technique

and AIC for MA2(1) Processes for Simulations 1 and 2

PARAMETERS n PRIOR1 PRIOR2 PRIOR3 AIC

50 53.8 60.4 57.2 66.2

100 76.4 82.6 79.8 83.2

Θ =

[

0.5 −0.4

−0.3 0.2

]

150 88.4 92.2 90.4 84.4

200 92.8 95.2 94.0 89.2

300 93.6 94.6 94.2 90.0

50 56.6 61.6 59.2 73.6

100 75.4 81.8 78.8 82.8

Θ =

[

−0.5 0.4
0.3 −0.2

]

150 87.4 90.8 88.8 85.2

200 93.4 95.6 94.6 88.6

300 96.2 97.0 96.8 88.2

Table 2. Percentages of Correct Identification of the proposed Bayesian Technique

and AIC for MA2(1) Processes for Simulations 3 and 4

PARAMETERS n PRIOR1 PRIOR2 PRIOR3 AIC

50 63.4 68.0 65.4 70.0

100 75.2 81.4 79.2 81.6

Θ =

[

0.3 0.5

0.4 0.3

]

150 88.8 92.6 91.0 83.6

200 95.2 96.4 95.6 86.4

300 95.8 97.0 96.8 88.6

50 64.6 69.8 67.4 76.4

100 76.8 83.0 79.8 84.6

Θ =

[

0.7 0.5
0.4 0.3

]

150 85.6 89.6 88.2 85.8

200 88.8 92.0 90.8 87.0

300 88.6 90.6 89.6 88.4

sample size is used. As the sample size increases, the results of the proposed technique

become superior to the results of AIC. It might be important to mention that the correct

percentages achieved by the proposed technique, with simulations 1-4, were higher than
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Table 3. Percentages of Correct Identification of the proposed Bayesian Technique

and AIC for MA2(1) Processes for Simulations 5 and 6

PARAMETERS n PRIOR1 PRIOR2 PRIOR3 AIC

50 52.6 58.6 54.6 76.0

100 58.0 64.6 62.4 80.6

Θ =

[

1 −0.2

1.1 −1

]

150 68.4 74.2 71.6 84.4

200 80.0 83.6 82.0 85.0

300 84.8 88.2 86.4 88.2

50 46.8 52.2 48.6 71.8

100 58.0 64.0 60.2 82.4

Θ =

[

0.9 −0.2
1.1 −0.9

]

150 76.6 81.8 79.8 84.2

200 84.8 88.2 86.8 88.6

300 89.8 92.8 91.4 88.4

the correct percentages achieved by AIC for n ≥ 200, regardless of the prior distribution.

In general the numerical results support the adequacy of using the proposed

Bayesian technique in solving the identification problems of two dimensional moving aver-

age processes. The percentages of correct identification depends on the sample size and the

choice of the prior distribution. A moderate sample size is needed in order to have a better

chance of getting correct identification no matter what the parameters are.

Summary and Conclusions

The main objective of this article is to develop a Bayesian methodology to choose

the order q of two dimensional moving average processes. The marginal posterior probabil-

ity mass function of the model order is developed in a convenient form using an approximate

conditional likelihood function and a matrix- normal Wishart or Jeffreys’ vague prior. Then

one may easily calculate the posterior probabilities of all possible values of the order q and

choose the value of q at which the posterior probability mass function attains its maximum

to be the identified order.

In order to demonstrate the performance of the proposed Bayesian procedure and test

its adequacy in identifying the order of two dimensional moving average processes, a sim-

ulation study with three different prior mass functions has been carried out. The numerical

results show that the proposed procedure can efficiently identify the orders of two dimen-

sional moving average processes with high precision for moderate and large sample size.
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1. Introduction

For a long time, the occurrence of large number of zeroes was observed in the context

of counting processes which otherwise could be easily found to follow a regular Poisson

distribution. This phenomenon occurs regularly in physical and biological systems where

the Poison counts appear when a system functions properly and additional zeroes are

observed when the system malfunctions. Cochran (1954) was the first to develop a

hypothesis-test for testing Poissonness against ZIP and later Rao and Chakravarty (1956),

Singh (1963) developed their own tests for testing Poissonness against ZIP. The test devel-

oped by Cochran (1954) was later shown to be equivalent to the score test developed by

Van den Broeck (1995). El-Shaarawi (1985) conducted a simulation study for comparing

the power of all the tests that existed until that time to test for Poissonness, and based on his

study, he concluded that the score test is more powerful while being computationally less

intensive. Most of the hypothesis tests, for example by Lambert (1992), Van den Broeck

(1995) were developed in the context of regression models where the parameters depend

on the covariates. Recently, Thas and Rayner (2005) developed a partial sum based score

tests for testing Poissonness against a class of alternatives (including ZIP as a possible

alternative) and their test seems to be reasonably powerful.

In this paper, we present two simple tests which are very simple and at the same time

very powerful. One of these tests use the idea of ”distance” to perform the test. The other

one is a locally most powerful test (LMP). The LMP test (also called likelihood derivative

test) is due to Rao (1948). According to Moran (1970), the LMP test is very powerful for
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testing mixing proportions. One can describe a ZIP distribution (indeed a mixture distribu-

tion) as follows.

P(Y = 0) = θ+(1−θ)e−λ (1)

P(Y = y) = θ+(1−θ)
e−λλy

y!
, y > 0 (2)

where θ is the mixing proportion.

2. Methodology

We use the method of moments for deriving the estimator. For the above described ZIP

distribution, one can easily show that

E(Y ) = (1−θ)λ (3)

and

E(Y 2) = (1−θ)(λ+λ2) (4)

This clearly implies that the moment estimator of and are as follows.

λ̂n =











n

∑
1

y2
i

n

∑
1

yi











−1 (5)

and

θ̂n = 1−















(

n

∑
1

yi

)2

n

(

n

∑
1

y2
i −

n

∑
1

yi

)















(6)

We are led to the following results as n → ∞.

Theorem 1.










n

∑
1

y2
i

n
,

n

∑
1

yi

n











follows a bivariate normal distribution with mean = (µ1,µ2) and

variance-covariance matrix









σ11

n

σ12

n

σ12

n

σ22

n









as n tends to ∞, where
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µ1 = (1−θ)λ(1+λ), µ2 = (1−θ)λ (7)

σ11 = (1−θ)λ

(

1+6λ+4λ2 +θλ(1+λ)2
)

(8)

σ22 = (1−θ)λ(1+θλ) (9)

and

σ12 = (1−θ)λ

(

1+2λ+θλ(1+λ)
)

(10)

Proof. Since each component in the vector is a linear combination of iid random variables,

the result follows due to the multivariate central limit theorem.

Theorem: Suppose that Xn = (Xn1,Xn2, ......,Xnk) is AN

(

µ,
1

n
∑

)

as n tends to ∞ then for

any continuous function g(x),

g(Xn) = AN

(

g(µ),
1

n

k

∑
1

k

∑
1

σi j

∂g

∂xi

∣

∣

∣

∣

∣

x=µ

∂g

∂x j

∣

∣

∣

∣

∣

x=µ

)

as n tends to ∞.

where AN means asymptotically normally distributed.

Corollary 1.

λ̂ ∼ AN

(

λ,
(λ+2)

n(1−θ)

)

as n tends to ∞

Proof: In order to apply the above quoted theorem, let us define

Xnl =
n

∑
i

y2
i and Xn2 =

n

∑
i

yi. Note that λ̂ = Xn1

Xn2
−1 = g(Xn1,Xn2).

Note that

∂g

∂Xn1

∣

∣

∣

∣

∣

xn1=µ, xn2=µ2

=
1

n(1−θ)λ
(11)

∂g

∂Xn2

∣

∣

∣

∣

∣

xn1=µ, xn2=µ2

=
−(1+λ)

n(1−θ)λ
(12)

After simplification, the asymptotic variance of λ̂ is seen to be
λ+2

n(1−θ)
.

Proof. The proof can be mimicked along the same lines as in Corollary 1.

Corollary 2.

Let D =
Y 2 −Y

2

Y
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Then, D ∼ AN

(

1+θλ,
2+θ2λ+θ(1−θ)2λ2)

n(1−θ)

)

as n tends to ∞.

Proof. The proof can be mimicked along the same lines as in Corollary 1.

3. Hypothesis Testing Procedures

3.1. Distance Based Testing

Suppose that we want to test H0 : θ = 0 (Poisson) versus H1 : θ > 0 (ZIP)

Under H0, λ̂ = Y and Under H1, λ̂ =
Y2

Y
−1 (13)

Now, let us define the distance between these estimates as follows.

Distance, D = Y 2 −Y
2
−Y (14)

We aim to derive a decision rule based on this distance Note that when is close to 0 then this

supports the null hypothesis. However, this distance measure can be negative and moreover

the null distribution for this distance measure depends on the nuisance parameter which is

unknown. Therefore, we re-define the distance measure as follows.

D =
(Y 2 −Y

2
)

Y
(15)

Corollary 3.

For the distance measure D given by (15), the null distribution is asymptotically normal

with mean = 1 and variance =
2

n
as n tends to ∞.

4. Locally Most Powerful Test ( LMP Test)

The likelihood function L is given by

L =
(

θ+(1−θ)e−λ
)n1

· (1−θ)n−n1 ·
e(−n−n1)λλ∑yi

∏yi!
(16)

Note that n1 represents the number of ‘0’s in a sample of size = n. Next, evaluate the partial

derivative of the natural logarithm of L with respect to θ at θ = 0.

∂lnL

∂θ
=

n1(1−e−λ)

(θ+(1−θ)e−λ)
−

(n−n1)

(1−θ)
(17)

Reject the null hypothesis H0 when n1 > C1, where n1 represents the number of ‘0’s in

the sample and C1 is the critical value for the test.
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Example. ( Leroux and Puterman (1992))

Count data for fetal lamb movements.

Outcome: 0 1 2 3 4 5 6 7

Count: 182 41 12 2 2 0 0 1

Based on this data, Y = 0.358, Y2 = 0.783.

For the LMP test, the number of ’0’s = 182. The critical value at 5% significance level

is C1 179. Hence, we reject the null hypothesis. For the distance based test, the distance

measure D = 1. 829 and the critical value at 5% level is 1.126 for the exact test. So, we

reject H0 and accept H1. These results agree with the findings of Thas and Rayner (2005)

and Leroux and Puterman (1992).

5. Power Computation

We computed the power for both the locally most powerful (LMP) test and this distance

based test for different choices of λ and θ where 0 ≤ θ ≤ 1 The power is nearly the same

for both tests. These tests are far less computationally intensive while being very powerful.

As λ and θ move away from 0, the power of both these tests is almost 1.

6. Conclusion

In this paper, we have presented two simple approaches that are very powerful and

less computationally intensive for testing Poisson versus Zero Inflated Poisson (ZIP). The

locally most powerful test (LMP test) seems to be very powerful for testing Poisson versus

Zero Inflated Poisson (ZIP). Also, the power of the distance based test seems to be very

high except for values of in the neighborhood of 1. This could be due to the difficulty in

separating an observation ’0’ as coming from either regular Poisson or ZIP, but the power

of separation seems to get better for large values of the Poisson mean λ. Note that when

is equal to 1 this results in a degenerate distribution. Also note that the null distribution

(when θ = 0 ) for the distance based test does not require any knowledge about the nuisance

parameter λ and so the critical value for testing Poisson versus ZIP does not involve λ.

Although, the power of the partial sum score test developed by Thas and Rayner (2005) and

the score test developed by Van den Broeck (1995) seems to have a similar power pattern

as our distance based test, the distance based test and the Locally most powerful test (LMP

test) seem to outperform the partial sum score test and the score test on the basis of power.

In fact, the LMP is a better test for testing the mixing proportions in the context of mixture

distributions.
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Abstract 

This article proposes variables quick switching system (VQSS) where the quality 
characteristic follows normal distribution or lognormal distribution and has upper or lower 
specification limit. The variables quick switching system will be effective when testing is 
costly and destructive. The advantages of the variables QSS over the variables single and 
double sampling plans and attributes QSS are discussed. Tables are also constructed for the 
selection of parameters of known and unknown standard deviation VQSS for given acceptable 
quality level and limiting quality level. The problem is formulated as a nonlinear 
programming where the objective function to be minimized is the average sample number and 
the constraints are related to lot acceptance probabilities at acceptable quality level and 
limiting quality level under the operating characteristic curve . 

1. Introduction 

A sampling system consists of two or more sampling plans and the rules for switching 
between the sampling plans to achieve a blending of the advantageous features of each of the 
sampling plans. In general, any sampling system of sampling inspection involving only 
normal and tightened inspection will be referred to as a two-plan system. Quick switching 
system (QSS) developed by Dodge (1967) is one of the two-plan systems for the application 
of attributes quality characteristics. In any two plan system, the tightened inspection can be 
used when the quality of a product deteriorated and normal inspection are used when the 
quality is found to be good. Dodge (1965), Hald and Thyregod (1965) and Stephen and 
Larson (1967) have investigated the two-plan systems using different switching criteria to 
achieve the desired discrimination on the operating characteristic (OC) curve. Romboski 
(1969) has investigated the quick switching system of type QSS-1 by taking single sampling 
plan as the reference plan.  

Whenever the normal distribution for the quality characteristic is justifiable, variables 
sampling plans are used. The main advantage of the variables sampling plan is that the same 
operating characteristic (OC) curve can be obtained with a smaller sample size than would be 

c©
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required by an attributes sampling plan. Thus, a variables acceptance sampling plan would 
require less sampling. The measurements data required by a variables sampling plan would 
probably cost more per observation than the collection of attributes data. However, the 
reduction in sample size obtained may more than offset this increased cost. When destructive 
testing is employed, variables sampling is particularly useful in reducing the costs of 
inspection. Another advantage is that measurements data usually provide more information 
about the manufacturing process or lot than do attributes data. Generally, numerical 
measurements of quality characteristics are more useful than simple classification of the item 
as conforming or non-conforming. Another advantage of the variables sampling plan is that 
when acceptable quality levels (AQLs) are very small, the sample size required by it is very 
less than the attributes sampling plans. Under these circumstances, the variables sampling 
plans have significant advantages.  

For compliance testing of a measurable characteristic, a variable sampling plan may be 
preferred. Based on this idea, Govindaraju and Balamurali (1998) extended the concept of 
chain sampling of Dodge (1955) to the measurable quality characteristics. Later, Balamurali 
and Jun (2006) developed a sampling plan called variables repetitive group sampling for the 
application variables inspection. Soundararajan and Palanivel (1997) extended the concept of 
QSS to the normally distributed quality characteristics. They have also developed tables for 
selecting parameters of the variables QSS, but they didn’t follow any optimization techniques. 
So, this paper attempts to design a variables QSS by minimizing average sample number 
(ASN). Obviously, a sampling plan having smaller ASN would be more desirable. For the 
selection of the parameters of the VQSS, the problem is formulated by a nonlinear 
programming where the objective function to be minimized is the ASN and the constraints are 
related to lot acceptance probabilities at acceptable quality level (AQL) and limiting quality 
level (LQL). Comparisons are also made to show the advantages of the proposed system with 
other conventional variables plans such as single and double sampling plans. 

2. Conditions of Application and Operating Procedure 

The following assumptions should be valid for the application of the variables quick 
switching system.  

 
(i) Production is in a steady state, so that results of past, present and future lots are 

broadly indicative of a continuing process.  
(ii)  Lots are submitted for inspection serially either in the order of production or in the 

order of being submitted for inspection. 
(iii)  Inspection is by measurements, with quality is defined as the fraction nonconforming, 

p. 
 
In addition, the usual conditions for the application of single sampling variables plans 

with known or unknown standard deviation should also be valid. The operating procedure of 
the VQSS is as follows.  

Suppose that the quality characteristic of interest has the upper specification limit U and 
follows a normal distribution with known standard deviation σ. Then the following two 
procedures of the variables QSS are proposed. 
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2.1. Procedure 1: k Method 

Step 1. Start with normal inspection. During normal inspection, take a random sample of 

size n, say  nXXX ..., 21  and compute 
 


XU

v
 , where  



n

i
iX

n
X

1

1
.  

Step 2. Accept the lot if Nkv   and reject the lot if Nkv  . If a lot is rejected on 

normal inspection, then switch to tightened inspection as in Step 3. 
Step 3. During tightened inspection, take a random sample of size n, say 

 nXXX ..., 21  and compute 
 


XU

v
 , where  



n

i
iX

n
X

1

1
.  

Step 4. Accept the lot if Tkv   and reject the lot if Tkv   )(  NT kk  . If a lot is 

accepted on tightened inspection, then immediately switch to normal inspection as in Step 1. 
 
Thus, the variables QSS system is characterized by three parameters, namely n, kN and 

kT. If kNσ=kTσ, then the system will reduce to the variables single sampling plan.  

2.2. Procedure 2: M Method 

Step 1. Start with normal inspection. During normal inspection, take a random sample of 

size n, say  nXXX ..., 21  and compute 
 

1


n

nXU
QU  , where  



n

i
iX

n
X

1

1
. 

Also determine the minimum variance unbiased estimate of the fraction non-conforming p, as 

 
UQ

t
U dtep 2/2

2

1ˆ  . 

Step 2. Accept the lot if NU Mp ˆ  and reject the lot if Up̂ > NM . Where MNσ is the 

proportion of the area under the normal curve beyond 
1n

n
kN . If the lot is rejected on 

normal inspection, then switch to tightened inspection as in Step 3. 
Step 3. During tightened inspection, take a random sample of size n, say 

 nXXX ..., 21  and compute
 

1


n

nXU
QU  , where  



n

i
iX

n
X

1

1
. Also 

determine the minimum variance unbiased estimate of the fraction non-conforming p, as 

 
UQ

t
U dtep 2/2

2

1ˆ  . 

Step 4. Accept the lot if TU Mp ˆ  and reject the lot if Up̂ > TM . Here MTσ is the 

proportion of the area under the normal curve beyond 
1n

n
kT . (Note: MT < MN). If a 
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lot is accepted on tightened inspection then immediately switch to normal inspection as in 
Step 1.  

Thus, the parameters of the variables QSS under the M method are the sample size n, 
acceptable criterion MT and MN.  

It is also worthwhile to note that the same VQSS can be applied to the case where the 
quality characteristic follows a log-normal distribution, since the logarithmic transformation 

leads to a normal distribution. Let ̂ be an estimate of mean which is calculated from the 

logarithmic transformation of the data. Then the VQSS is employed as follows.  
 
Step 1. Start with the normal inspection level. Select a random sample of size nσ and 

compute 
̂)log(  U

v . Accept the lot if Nkv   and reject the lot if Nkv  . If a lot is 

rejected under normal inspection, then switch to tightened inspection.  
Step 2. During the tightened inspection, inspect the lots using the single sampling 

variables plan with a sample size nσ and the acceptance criterion kTσ(>kNσ). Accept the lot if 

Tkv   and reject the lot if Tkv  , where 
̂)log(  U

v . If a lot is accepted on 

tightened inspection, then switch to normal inspection as in Step 1.  
 
Thus, the parameters of the VQSS under the log-normal distribution are the sample size 

n, acceptable criterion kT and kN. The rest of the paper deals with k method under normal 
distribution only. 

3. Operating Characteristics of a Variables Quick Switching 

System 

The OC function of the variables QS system, which gives the proportion of lots that are 
expected to be accepted for given product quality, p under known sigma case is given by 

 

 
)Pr()Pr(1

)Pr(

1
)(




TN

T

TN

T
a kvkv

kv

PP

P
pP 

  (1) 

 

where  NN kvP  Pr is the probability of accepting a lot based on a single sample with 

parameters (n, kN) and  TT kvP  Pr  is the probability of accepting a lot based on a 

single sampling plan with parameters (n, kT). Under type B situation (i.e. a series of lots of 
the same quality), forming lots of N items from a process and then drawing random sample of 
size n from these lots is equivalent to drawing random samples of size n directly from the 
process. Hence the derivation of the OC function is straightforward. The fraction non-
conforming in a lot will be determined as  
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 )()(11 vv
U

p 


  


 (2) 

 
where )(y is given by 

 

  


  y

dz
z

y
2

exp
2

1
)(

2

 ,  (3)  

 
provided that the quality characteristic of interest is normally distributed with mean µ and 
standard deviation σ, and the unit is classified as non-conforming if it exceeds the upper 
specification limit U. Then its probability of acceptance is written as 
 

 
)()(1

)(
)(

TN

T
a ww

w
pP 

   (4) 

 

where    nkvw TT   and    nkvw NN    

4. Designing of a Known Sigma Variables Quick Switching System 

The OC function of a known sigma VQSS is given in (4). If two points on the OC curve 
namely, AQL(=p1), LQL(=p2), the producer’s risk α and the consumer’s risk β are prescribed 
then the OC function can be expressed as  

 

 


1
)()(1

)(

11

1

TN

T

ww

w
  (5) 

 
and 

 


)()(1

)(

22

2

TN

T

ww

w
  (6) 

 
Here wT1 is the value of wT at p=p1, wN1 is the value of wN at p=p1, wT2 is the value of wT 

at p=p2 and wN2 is the value of wN at p=p2. That is, 
 

  nkvw TT )( 11  ,  nkvw NN )( 11   

  nkvw TT )( 22  and  nkvw NN )( 22    (7) 

 
where v1 is the value of v at AQL and v2 is the value of v at LQL. For given AQL or LQL, the 
values of kN, kT and the sample size n are determined by using a search procedure.  



S. Balamurali and M. Usha 300 

The average sample number (ASN), by definition, means the expected number of sampled 
units required for making decisions about the lot. The concept of ASN is meaningful under 
Type B sampling situations. It is also known that the ASN of the known sigma VQSS is 

 

 n
nn

pASN 
 


)(   (8) 

 
The ASN given above can be used as an objective function to solve for the parameters 

(n, kNσ, kT). Since there are several choices to obtain the objective function, it is considered 
here to minimize ASN at AQL. If the objective is to minimize the ASN at AQL, then the 
problem will be reduced to the following nonlinear optimization problem.  

 
 Minimize ASN(p1)=nσ 

 Subject to 

 1)( 1pPa   

 )( 2pPa   

 0 ,1 21   k kn σ   (9) 

 

where )( 1pPa and )( 2pPa are the lot acceptance probabilities at AQL and LQL respectively 

and are given in (5) and (6) respectively. 

5. Designing of Unknown Sigma Variables QS System 

Whenever the standard deviation is unknown, we should use the sample standard 
deviation S instead of σ. In this case, the operation of the scheme is as follows. 

 
Step 1. Start with the normal inspection level using the single sampling variables plan 

with a sample size nS and the acceptance criterion kNS. Accept the lot if NSkv   and reject 

the lot if NSkv  , where 
 

S

XU
v

 ,  Sn

i
i

S

X
n

X
1

1  and 
1

)( 2


 

S

i

n

XX
S . If a lot is 

rejected under normal inspection, then switch to tightened inspection.  
Step 2. During the tightened inspection, inspect the lots using the single sampling 

variables plan with a sample size nS and the acceptance criterion kTS(>kNS) . Accept the lot if 

TSkv   and reject the lot if TSkv  , where  
S

XU
v

 ,  Sn

i
i

S

X
n

X
1

1  and 

1

)( 2


 

S

i

n

XX
S . If a lot is accepted on tightened inspection, then immediately switch to 

normal inspection as in Step 1.  
Thus, the unknown sigma VQSS has the parameters namely the sample size nS, and the 

acceptable criterion kNS and kTS. If kNS=kTS, then the VQSS reduced to the variables single 
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sampling plan with unknown standard deviation. The relationship between known and 
unknown sigma plan parameters is true only for single sampling plan. Hamaker (1979) has 
given an approximation for finding the parameters of the unknown sigma single sampling 
plan from the parameters of the known sigma single sampling plan. Soundarajan and 
Palanivel (1997) have followed the same approximation for selecting the parameters of 
unknown sigma variables QSS. However it is to be pointed out that Hamaker’s (1979) results 
must be extended to variables QS system rather than wrongly assuming that the same 
approximation is valid for VQSS. So the entire design of unknown sigma schemes provided 
in Soundararajan and Palanivel (1997) seems faulty. So we will follow a different procedure 
for the unknown sigma case. The determination of parameters for the unknown sigma case 
namely (nS, kNS, kTS) is slightly different from the known sigma case. It is known that 

SkX NS is approximately normally distributed with mean )(SEkNS  and variance 

)(
2

SVark
n NS

S


 (see Duncan (1986)).  

That is., 
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2
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Therefore, the probability of accepting a lot under normal inspection is given by 
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If we let, 
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inspection is considered )( NSw . 

Similarly if we let, 
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tightened inspection is taken as )( TSw . Hence the lot acceptance probability for sigma 

unknown case under two-point situation is given by  
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In this case, the optimization problem becomes,  
 
 Minimize ASN(p1)=nS 

 Subject to 
 1)( 1pPa   

 )( 2pPa
  

                                              0 ,1  TSNS k kn                                                  (12) 

 

where )( 1pPa and )( 2pPa are the lot acceptance probabilities at AQL and LQL respectively 

and are described in (10) and (11). 
We may determine the parameters of the known sigma and unknown sigma VQSS by 

solving the nonlinear equation given in (9) and (12) respectively. There may exist multiple 
solutions since there are three unknowns with only two equations. Generally a sampling 
would be desirable if the required number of sampled is small. So, in this paper, we consider 
the ASN as the objective function to be minimized with the probability of acceptance along 
with the corresponding producer’s and consumer’s risks as constraints. To solve the above 
nonlinear optimization problems given in (9) and (12), the sequential quadratic programming 
(SQP) proposed by Nocedal and wright (1999) can be used. The SQP is implemented in 
Matlab software using the routine “fmincon”. By solving the nonlinear problem mentioned 
above, the parameters (n, kN and kT) for known sigma plan and the parameters (nS, kNS and 
kTS) for unknown sigma plan are determined and these values are tabulated in Table 2. 
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6. Examples 

6.1. Selection of Known Sigma VQSS Indexed by AQL and LQL 

Table 1 is used to determine the parameters of the known  variables quick switching 
system for specified values of AQL and LQL when  = 5% and  = 10%. For example, if p1 
= 2%, p2 = 8%,  = 5% and  = 10%, Table 2 gives the parameters as n = 12, kN = 1.552 
and kT = 1.817. 

For the above example, the operation of the VQSS is as follows.  
 

Step 1. Take a random sample of size 12 and compute 


XU
v

 , where  12

112

1

i
iXX . 

Accept the lot if 552.1v  and reject the lot if 552.1v . If a lot is rejected, then switch to 
tightened inspection as in step 2. 

Step 2. Select a random sample of size 12 and compute 


XU
v

 , where  12

112

1

i
iXX . 

Accept the lot if 817.1v  and reject the lot if 817.1v . Switch to normal inspection as in 
step 1, if a lot accepted on this inspection phase.  

6.2. Selection of Unknown Sigma VQSS Indexed by AQL and LQL 

Table 1 can also be used for the selection of the parameters of the unknown  VQSS for 
given values of AQL and LQL. Suppose that AQL=1%, LQL=5%, =5% and =10%. From 
Table 2, the parameters of the VQSS can be determined as nS = 24, kNS = 1.729 and kTS = 2.214. 

7. Advantages of the Variables Quick Switching System 

In this section, we will discuss the advantages of the variables QSS over attributes QSS 
and variables single sampling plans. For the purpose of comparison, we will consider the 
plans which have the same AQL and LQL. Suppose that for given values of AQL=0.01, 
=5%, LQL=0.02 and  = 10%, one can find the parameters of the attributes quick switching 
system under the application of Poisson model as  

 
(i) n = 251, cT = 5 and cN = 9 
 
For the same AQL and LQL, we can determine the parameters of the variables single 

sampling plan (from Sommers (1981)) and variables QSS (from Table 2) respectively as 
follows. 

 
(ii) nσ = 116 and k = 2.17 
(iii) n = 28, kNσ = 1.923 and kTσ = 2.418  
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By comparing the above, it is clear that the variables QS System achieves a reduction of 
over 89% in sample size than the attributes QSS and about 76% than the variables single 
sampling plan with same AQL and LQL conditions. In order to show the better efficiency of 
the variables QSS, three OC curves are considered. Fig.1. shows the OC curves of the 
variables single sampling plans with parameters (10, 1.754) and (10, 2.179) and the variables 
QSS with parameters (10; 1.754, 2.179). The variables quick switching system (10; 1.754, 
2.179) is selected in such a way that it satisfies the two-points on the OC curve condition (p1 
= 0.01, 1-α = 0.95) and (p2 = 0.045, β = 0.10). 

Table 1. Variables Quick Switching Sampling Systems Indexed by AQL and LQL for 
=5% and =10% Involving Minimum ASN 

p1 p2 
MinASN(p 1) 

Known Sigma 
MinASN(p 1) 

Unknown Sigma 
n kTσ kNσ nS kTS kNS 

0.001 
 
 
 
 
 
 
 
 
 
 
 
 
0.0025 
 
 
 
 
 
 
 
 
 
 
0.005 
 
 
 
 
 
 
 
 

0.002 
0.003 
0.004 
0.005 
0.006 
0.007 
0.008 
0.009 
0.010 
0.012 
0.015 
0.025 

 
0.004 
0.005 
0.006 
0.0075 
0.010 
0.015 
0.020 
0.025 
0.030 
0.040 

 
0.0075 
0.010 
0.012 
0.015 
0.020 
0.030 
0.035 
0.040 
0.060 

134 
45 
31 
14 
11 
10 
14 
8 
7 
9 
6 
4 
 

96 
35 
26 
23 
14 
9 
8 
6 
8 
5 
 

100 
31 
23 
19 
9 
9 
7 
7 
6 

2.998 
2.958 
2.899 
2.994 
2.985 
2.939 
2.769 
2.897 
2.899 
2.710 
2.751 
2.672 

 
2.841 
2.917 
2.878 
2.773 
2.762 
2.693 
2.572 
2.569 
2.353 
2.374 

 
2.626 
2.683 
2.641 
2.549 
2.657 
2.377 
2.385 
2.298 
2.109 

2.943 
2.833 
2.784 
2.599 
2.535 
2.519 
2.639 
2.457 
2.409 
2.525 
2.381 
2.222 

 
2.596 
2.432 
2.398 
2.413 
2.302 
2.193 
2.182 
2.079 
2.213 
2.039 

 
2.361 
2.183 
2.146 
2.139 
1.897 
1.982 
1.895 
1.913 
1.884 

234 
108 
104 
71 
60 
45 
38 
35 
32 
28 
24 
16 
 

326 
156 
113 
82 
56 
37 
33 
28 
19 
15 
 

330 
123 
89 
63 
45 
28 
23 
20 
15 

3.193 
3.166 
2.999 
2.998 
2.955 
2.985 
2.982 
2.947 
2.926 
2.880 
2.819 
2.715 

 
2.917 
2.945 
2.910 
2.861 
2.809 
2.710 
2.563 
2.490 
2.564 
2.485 

 
2.679 
2.705 
2.664 
2.617 
2.533 
2.443 
2.424 
2.394 
2.224 

2.773 
2.666 
2.704 
2.628 
2.600 
2.525 
2.482 
2.467 
2.446 
2.415 
2.379 
2.260 

 
2.542 
2.445 
2.410 
2.371 
2.309 
2.235 
2.233 
2.200 
2.074 
2.010 

 
2.329 
2.205 
2.169 
2.122 
2.073 
1.978 
1.929 
1.894 
1.834 
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Table 1. Continued 

p1 p2 
MinASN(p 1) 

Known Sigma 
MinASN(p 1) 

Unknown Sigma 
n kTσ kNσ nS kTS kNS 

0.0075 
 
 
 
 
 
 
 
 
 
 
 
0.010 
 
 
 
 
 
 
 
 
 
 
 
 
 
0.015 
 
 
 
 
 
 
 
 
 
 
 
 
0.020 
 
 
 
 

0.010 
0.012 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 
0.050 
0.060 
0.070 

 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 
0.045 
0.050 
0.060 
0.070 
0.080 
0.090 
0.100 

 
0.020 
0.025 
0.030 
0.035 
0.040 
0.045 
0.050 
0.060 
0.070 
0.080 
0.090 
0.100 

 
0.030 
0.035 
0.040 
0.045 
0.050 

149 
58 
34 
23 
14 
11 
11 
11 
8 
7 
6 
 

68 
28 
21 
15 
13 
14 
10 
14 
7 
6 
6 
6 
3 
 

129 
43 
26 
23 
22 
21 
13 
11 
8 
7 
7 
5 
 

87 
33 
26 
21 
17 

2.499 
2.527 
2.485 
2.391 
2.402 
2.367 
2.263 
2.179 
2.151 
2.086 
2.036 

 
2.427 
2.418 
2.334 
2.314 
2.255 
2.141 
2.179 
2.005 
2.123 
2.084 
1.987 
1.904 
1.906 

 
2.236 
2.265 
2.252 
2.163 
2.082 
2.012 
2.083 
2.009 
2.021 
1.952 
1.888 
1.856 

 
2.070 
2.158 
2.108 
2.076 
2.060 

2.244 
2.137 
2.080 
2.041 
1.922 
1.867 
1.893 
1.909 
1.816 
1.781 
1.686 

 
2.047 
1.923 
1.899 
1.829 
1.810 
1.856 
1.754 
1.875 
1.648 
1.599 
1.617 
1.629 
1.557 

 
1.971 
1.835 
1.757 
1.768 
1.795 
1.787 
1.658 
1.629 
1.526 
1.526 
1.508 
1.376 

 
1.840 
1.673 
1.653 
1.621 
1.580 

575 
209 
107 
64 
47 
36 
31 
26 
20 
17 
14 
 

243 
94 
62 
47 
38 
32 
27 
24 
20 
17 
14 
11 
11 
 

402 
121 
78 
59 
48 
39 
34 
26 
22 
18 
16 
14 
 

170 
96 
68 
54 
50 

2.502 
2.549 
2.549 
2.486 
2.426 
2.395 
2.337 
2.313 
2.266 
2.196 
2.175 

 
2.434 
2.441 
2.393 
2.344 
2.304 
2.268 
2.247 
2.214 
2.148 
2.100 
2.089 
2.138 
2.027 

 
2.248 
2.317 
2.279 
2.233 
2.188 
2.167 
2.131 
2.088 
2.025 
2.005 
1.956 
1.927 

 
2.167 
2.172 
2.153 
2.120 
2.046 

2.252 
2.144 
2.059 
1.996 
1.951 
1.900 
1.877 
1.838 
1.776 
1.741 
1.685 

 
2.064 
1.946 
1.893 
1.854 
1.819 
1.788 
1.752 
1.729 
1.693 
1.655 
1.599 
1.513 
1.532 

 
1.973 
1.827 
1.779 
1.748 
1.723 
1.687 
1.666 
1.613 
1.585 
1.535 
1.511 
1.477 

 
1.772 
1.702 
1.658 
1.630 
1.636 
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Table 1. Continued 

p1 p2 
MinASN(p 1) 

Known Sigma 
MinASN(p 1) 

Unknown Sigma 
n kTσ kNσ nS kTS kNS 

0.020 
 
 
 
 
 
 
0.030 
 
 
 
 
 
 
 
 
 
 
 
0.040 
 
 
 
 
 
 
 
 
 
 
 
0.050 
 
 
 
 
 
 

0.060 
0.070 
0.080 
0.090 
0.100 
0.120 

 
0.040 
0.045 
0.050 
0.060 
0.070 
0.080 
0.090 
0.100 
0.120 
0.150 
0.200 

 
0.060 
0.070 
0.080 
0.090 
0.100 
0.110 
0.120 
0.140 
0.160 
0.18 
0.200 

 
0.060 
0.070 
0.080 
0.090 
0.100 
0.120 
0.140 
0.160 
0.200 
0.250 

17 
17 
12 
8 
7 
5 
 

116 
57 
33 
22 
17 
14 
12 
10 
11 
6 
5 
 

58 
29 
21 
17 
14 
14 
14 
10 
8 
7 
4 
 

280 
66 
35 
25 
23 
14 
11 
9 
6 
5 

1.926 
1.813 
1.817 
1.877 
1.851 
1.700 

 
1.934 
1.957 
1.998 
1.947 
1.894 
1.844 
1.800 
1.781 
1.597 
1.647 
1.470 

 
1.801 
1.826 
1.796 
1.754 
1.725 
1.639 
1.565 
1.546 
1.512 
1.460 
1.317 

 
1.666 
1.723 
1.735 
1.711 
1.630 
1.619 
1.560 
1.511 
1.432 
1.324 

1.618 
1.638 
1.552 
1.417 
1.376 
1.345 

 
1.679 
1.592 
1.493 
1.442 
1.404 
1.374 
1.345 
1.296 
1.362 
1.152 
1.110 

 
1.476 
1.361 
1.311 
1.279 
1.240 
1.264 
1.280 
1.191 
1.127 
1.090 
0.882 

 
1.521 
1.373 
1.280 
1.231 
1.245 
1.134 
1.085 
1.036 
1.006 
0.860 

33 
26 
24 
19 
16 
18 
 

269 
133 
89 
54 
40 
31 
26 
29 
24 
13 
10 
 

104 
63 
47 
37 
30 
26 
24 
17 
17 
12 
10 
 

462 
132 
73 
53 
40 
28 
21 
16 
15 
8 

2.044 
2.004 
1.910 
1.911 
1.897 
1.664 

 
1.965 
1.999 
1.999 
1.974 
1.925 
1.893 
1.846 
1.695 
1.598 
1.644 
1.458 

 
1.892 
1.869 
1.819 
1.778 
1.749 
1.704 
1.644 
1.634 
1.195 
1.521 
1.496 

 
1.708 
1.761 
1.768 
1.730 
1.709 
1.640 
1.585 
1.560 
1.328 
1.375 

1.554 
1.510 
1.510 
1.451 
1.407 
1.474 

 
1.665 
1.584 
1.535 
1.469 
1.430 
1.388 
1.361 
1.415 
1.388 
1.224 
1.173 

 
1.427 
1.369 
1.339 
1.308 
1.274 
1.254 
1.249 
1.169 
1.485 
1.096 
1.046 

 
1.488 
1.366 
1.293 
1.260 
1.219 
1.170 
1.120 
1.060 
1.083 
0.895 

 
From this figure, it can be easily observed that, for good quality, i.e. for smaller values of 

fraction nonconforming, the composite OC curve (OC curve of the variables QSS) coincides 
with the OC curve of the variables single sampling plan (10, 1.754). As quality deteriorates 
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the OC curve of the composite OC curve moves toward that for the single sampling plan (10, 
2.179) and comes close to it beyond the indifference quality level. 

 

 

Figure 1. Operating Characteristic (OC) Curves of Single Sampling Normal Plan (10, 1.754), Quick 
Switching System (10; 1.754, 2.179) and Single Sampling Tightened Plan (10, 2.179). 

Table 2. ASN Values of the Known Sigma Variables Single Sampling Plan, Variables 
Double Sampling Plan and Variables Quick Switching System 

p1 p2 
Average Sample Number 

Variables 
SSP 

Variables 
DSP 

Variables* 
QSS 

Variables ** 
QSS 

0.001 
0.001 
0.005 
0.005 
0.03 
0.03 
0.04 
0.04 
0.05 
0.05 

0.002 
0.003 
0.010 
0.012 
0.04 
0.06 
0.07 
0.08 
0.07 
0.08 

191 
74 
138 
85 
506 
81 
114 
72 
300 
149 

154.9 
59.4 
112.0 
69.5 
434.6 
127.7 
180.6 
58.4 
246.7 
122.3 

191 
74 
138 
85 
506 
81 
114 
72 
300 
149 

134 
45 
31 
23 
116 
22 
29 
21 
66 
35 

* Average sample number given in Soundararajan and Palanivel (1997). 
** Average sample number given in Table 1. 

Further, it is also to be pointed that the variables QSS is economically superior to the 
variables double sampling plan in terms of average sample number (ASN). Obviously, a 
sampling plan having smaller ASN would be more desirable. The variables double or multiple 
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sampling plans are not practically very useful. Variables sampling Standards avoid presenting 
such plans due to increased complexity involved in operating them.  

Table 2 shows the ASN values of the variables single sampling plan and the variables 
double sampling plan along with the variables QSS for some arbitrarily selected combinations 
of AQL and LQL under known sigma case. Table 3 gives the ASN values of the above said 
plans when sigma is unknown. These ASN values are calculated at the producer’s quality level 
for both known and unknown sigma plans. The sample size of the variables single sampling 
plan and the ASN of the variables double sampling plan can be found in Sommers (1981). 

Table 3. ASN Values of the Unknown Sigma Variables Single Sampling Plan, Variables 
Double Sampling Plan and Variables Quick Switching System  

p1 p2 
Average Sample Number 

Variables 
SSP 

Variables 
DSP 

Variables* 
QSS 

Variables ** 
QSS 

0.001 
0.001 
0.005 
0.005 
0.03 
0.03 
0.04 
0.04 
0.05 
0.05 

0.002 
0.003 
0.010 
0.012 
0.04 
0.06 
0.07 
0.08 
0.07 
0.08 

1032 
381 
547 
327 
1333 
197 
258 
159 
660 
319 

829.1 
302.4 
437.1 
263.0 
1138.7 
316.5 
417.6 
125.8 
535.4 
258.0 

1032 
412 
941 
823 
945 
357 
263 
201 
768 
572 

234 
108 
123 
89 
269 
89 
104 
47 
132 
73 

* Average sample number given in Soundararajan and Palanivel (1997). 
** Average sample number given in Table 1. 

 
These tables apparently show that the variables QSS will have minimum ASN when 

compared to the variables single and double sampling plans for both known and unknown 
sigma cases. Similar reduction in ASN can be achieved for any combination of AQL and 
LQL values. This implies that variables QSS scheme will give desired protection with 
minimum inspection so that the cost of inspection will greatly be reduced. Thus the variables 
QSS provides better protection than the variables single sampling plans and variables double 
sampling plans.  

8. Comparison of Parameters of Variables QSS 

It is to be pointed out that the ASNs of variables QSS provided in Soundararajan and 
Palanivel (1997) are equal or greater than the ASN of single sampling plans for some 
combinations of p1 and p2. For example, for given p1=0.01 and p2=0.04, ASN of single 
sampling variables plan is 506, but the ASN of variables QSS given in Soundararajan and 
Palanivel (1997) is 1856. This is a contradiction, since in the attributes case, quick switching 
system will always have minimum ASN than the attributes single sampling plan (see 
Romboski (1969) and Soundararajan and Arumainayagam (1992)). This should be valid for 



Optimal Designing of a Variables Quick Switching Sampling… 309 

variables sampling also. Hence the entire design of variables QSS provided in Soundararajan 
and Palanivel (1997) for both known and unknown sigma seems faulty or doubtful. Hence the 
parameters given in this paper are more reliable and optimum. 

Table 4. Parameters of Known Sigma Variables QSS for Some Selected Combination  
of AQL and LQL Values 

p1 p2 
*Parameters of VQSS **Parameters of VQSS 

n kNσ kTσ n kNσ kTσ 
0.001 
0.001 
0.005 
0.005 
0.03 
0.03 
0.04 
0.04 
0.05 
0.05 

0.002 
0.003 
0.010 
0.012 
0.04 
0.05 
0.06 
0.08 
0.06 
0.07 

370 
95 
399 
126 
1856 
515 
965 
121 
1311 
853 

2.93 
2.87 
2.40 
2.39 
1.73 
1.73 
1.62 
1.55 
1.55 
1.53 

3.10 
3.00 
2.60 
2.50 
2.00 
1.90 
1.78 
1.68 
1.66 
1.66 

134 
45 
31 
23 
116 
33 
58 
21 
280 
66 

2.943 
2.833 
2.183 
2.146 
1.679 
1.493 
1.476 
1.311 
1.521 
1.373 

2.998 
2.958 
2.683 
2.641 
1.934 
1.998 
1.801 
1.796 
1.666 
1.723 

*Parameters from Soundararajan and Palanivel (1997). 
**Parameters from Table 1. 

Table 5. Parameters of Unknown Sigma Variables QSS for Some Selected Combination 
of AQL and LQL Values 

p1 p2 *Parameters of VQSS **Parameters of VQSS 
nS kNS kTS nS kNS kTS 

0.001 
0.001 
0.005 
0.005 
0.03 
0.03 
0.04 
0.04 
0.05 
0.05 

0.002 
0.003 
0.010 
0.012 
0.04 
0.05 
0.06 
0.08 
0.06 
0.07 

2053 
504 
1647 
502 
5100 
1365 
2362 
279 
3001 
1939 

2.93 
2.87 
2.40 
2.39 
1.73 
1.73 
1.62 
1.55 
1.55 
1.53 

3.10 
3.00 
2.60 
2.50 
2.00 
1.90 
1.78 
1.68 
1.66 
1.66 

234 
108 
123 
89 
269 
89 
104 
47 
462 
132 

2.773 
2.666 
2.205 
2.169 
1.665 
1.535 
1.427 
1.339 
1.488 
1.366 

3.193 
3.166 
2.705 
2.664 
1.965 
1.999 
1.892 
1.819 
1.708 
1.761 

*Parameters from Soundararajan and Palanivel (1997). 
**Parameters from Table 1. 

9. Conclusions 

In this paper, the problem of minimizing the average sample number is considered in 
variables quick switching system. In general, variables sampling plans require a smaller sample 
size than do attributes plans. It has also been shown that the variables QSS provided in this 
paper has smaller ASN than the ASN of the existing single and double sampling plans. The 
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variables QSS provided in this paper also ensure the protection for the consumers in their point 
of view. This kind of variables QSS scheme will be effective and useful for compliance testing. 
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Abstract

It is well known that in a balanced incomplete block (BIB) design two treatments occur

together in the same block equal number of times. Thus the restriction on triplets

of treatments is the second condition for balance in the design. In this article, we

establish some conditions on the occurrence of triplets of treatments in a BIB design,

its complementary design and the design formed by the union of the BIB design and

the complementary design. We establish the conditions in terms of the parameters of

the original BIB design.

Keywords: BIB design; Characteristic matrix; Complementary design; Resolvable design;

Triplets of treatments.

1. Introduction

A balanced incomplete block (BIB) design, introduced by Yates (1936), is a binary and

connected block design with parameters v,b, r,k and λ, where v is the number of treatments,

b is the number of blocks, r is the number of times each treatment is repeated, k(< v)
is the block size and λ is the number of times a pair of treatments occur together in the

same block. BIB design is a simple and important class of incomplete block design from

the construction and analysis point of view. The characteristic matrix (C-matrix) of a BIB

design is easily expressed as C = θ(Iv −1/vEvv), where Iv is the identity matrix of order

v× v, Evv is a v× v matrix with all elements 1, and θ is non-zero eigenvalue of C-matrix

with multiplicity (v−1) as the design is connected. The motivation of this paper is to obtain

some characteristics of a BIB design, its complementary design and the union of the BIB

design and its complementary design in terms of occurrence of triplets of treatments.

BIB designs have also very nice properties in terms of connectedness, non-orthogonality

and balancedness. It is well known that in a BIB design two treatments occur together in
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the same block equal number of times. Thus the restriction on triplets of treatments is the

second condition for balance in the design. Designs that are balanced for the pairs as well as

for the triplets of treatments are called doubly balanced incomplete block designs (Calvin,

1954). Motivated by this fact, in the present work we establish some criteria by which we

can say that, for a given BIB design, number of triplets of treatments occur together an equal

number of times. However, for all BIB designs, all the triplets do not occur an equal number

of times. Let d and d1 denote a BIB design and its complementary design respectively.

Given the parameters (v,b, r,k,λ) of the BIB design d, it is well known that the parameters

of the complementary design d1 are v1 = v,b1 = b, r1 = b− r,k1 = v− k,λ1 = b−2r + λ.

We have shown that the incomplete block design obtained by taking the union of designs d

and d1 all triplets occur an equal number of times. We have also shown that the incomplete

block design obtained by taking the union of designs d and d1 are either another BIBD

(with or without repeated blocks) or a variance balanced design with equireplicated and

with unequal block sizes.

2. Triplets of Balanced Incomplete Block Design

For any BIB design triplets of treatments occur if the block size is greater than or equal

to 3. In this section we establish a condition in terms of the parameters of BIBD, by which

we can express that in the existing BIBD all the triplets occur a constant number of times.

Theorem 2.1. For a BIB design d with parameters v,b, r,k,λ, and with k ≥ 3, all the

triplets occur together a constant number of times provided λ(k−2) is divisible by (v−2).

Proof. For a BIB design with parameters v,b, r,k,λ, and with k ≥ 3, number of triplets

for any block is kC3. So the total number of triplets for the b blocks is b kC3. These triplets

will be distinct provided two blocks are distinct. However, in any two blocks, if at least

three treatments are identical, then the triplets obtained from these two blocks are not

distinct. Again for any BIB design with v treatments, if all triplets occur in the design, the

number of distinct triplets are vC3. Hence, the triplets obtained from b blocks of the BIB

design are repeated b kC3 / vC3 = λ(k−2)/(v−2) times.

Since all the triplets being repeated is always an integer, λ(k−2) must be divisible by

(v−2). Hence the theorem.

Now we will consider a series of cases.

Corollary 2.1. Any BIB design constructed using the series v, b = vCk, k, r = v−1Ck−1

and λ = v−2Ck−2, all triplets occur a constant number of times.

Proof. For a BIB design, all triplets occur a constant number of times if

λ(k−2) = P(v−2) (1)

holds true, where P is an integer. For the given series, (1) becomes v−2Ck−2(k − 2) =

P(v−2). After simplification, we have, P = v−3Ck−3, which is always an integer. Hence,

all triplets occur a constant number of times.
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Corollary 2.2. If a BIB design is resolvable satisfying v = 2k, all triplets occur together

a constant number of times.

Proof. For a BIB design with v = 2k, we have from (1), λ(k−2) = P(2k−2), that is,

P = λ(k−2)/2(k−1), which is always an integer for any possible values of λ and k of a

BIB design with v = 2k. Hence, all triplets occur a constant number of times.

We have verified this result by taking all the BIB designs listed in Cochran and Cox

(1957), Raghavarao (1971) and Das and Giri (1986). As an example, consider a BIB design

with parameters v = 8,b = 14, r = 7,k = 4,λ = 3. Here P comes out as 1 so all triplets

occur only once.

Remark 1.1. If a BIB design is resolvable and does not satisfy v = 2k, all triplets do

not occur together a constant number of times.

As an example, consider a BIB design with parameters v = 9,b = 12, r = 4,k = 3,λ = 1.

This is a resolvable BIB design and it does not satisfy v = 2k. Here, P = λ(k−2)/2(k−1)
comes out as a fraction (1/7), and hence all triplets do not occur together a constant number

of times.

Remark 1.2. If a BIB design is neither resolvable nor constructed using the se-

ries discussed in Corollary 2.1, but satisfies v = 2k, all triplets do not occur together

a constant number of times. As an example consider a BIB design with parameters

v = 6,b = 10, r = 5,k = 3,λ = 2.

Remark 1.3. For a BIB design, occurrence of each triplet a constant number of times

implies the occurrence of each triplet another constant number of times in the corresponding

complementary design provided that in both BIB design and its complementary design the

block sizes are at least three.

3. Triplets of Union of BIB Design and Its Complementary BIB

Design

Consider a BIB design, say d, with parameters v,b, r,k,λ. Then the parameters of the

complementary design, say d1, are v1 = v,b1 = b, r1 = b− r,k1 = v−k,λ1 = b−2r +λ. In

the complementary design triplets will occur if k1 ≥ 3, that is, v ≥ k + 3. Let us construct

a design by taking the union of d and d1. Call this design as d2. This combined design is

an incomplete block design with equal/unequal block sizes and equal/unequal replication

numbers. In the following theorem, we establish a condition by which we can say that all

triplets of treatments occur together a constant number of times.

Theorem 3.1. For design d2, all triplets occur together a constant number of times if

b(v−1)−3r(v−k) is divisible by (v−1), that is, b(v−1)−3r(v−k) / (v−1) = P, where

P is an integer.
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Proof. In each block of design d, there will be kC3 triplets. There are b blocks in design

d. So all together we have b kC3 triplets in design d. In the complementary design d1,

we also have b blocks each of size v− k. So all together we have b v−kC3 triplets in the

complementary design d1. Thus, in design d2, there will be b(kC3 + v−kC3) triplets. Further

for design d2 with v treatments, number of distinct triplets is vC3. So, number of times each

triplet being repeated is obtained by

P =
b(kC3 +v−k C3)

vC3

=
b(v−1)−3r(v−k)

v−1
. (2)

Here P must be an integer, which is only possible if b(v− 1)− 3r(v− k) is divisible by

(v−1), in which case all triplets occur together P times. Hence the theorem.

We have verified this result by taking all the BIB designs listed in Cochran and Cox

(1957), Raghavarao (1971) and Das and Giri (1986).

Now we establish some nice characteristics of a BIB design along with its complemen-

tary BIB design.

Theorem 3.2. Consider a BIB design d with parameters v, b = vCk, r = v−1Ck−1, k, λ =
v−2Ck−2 with v = 2k. Then the design d2 obtained by combining the BIB design d and its

complementary design d1 is another BIB design with repeated blocks. The parameters of

this resulting BIB design is given by v2 = v,b2 = 2b, r2 = b,k2 = k,λ2 = 2λ.

Proof. Let N, N1 and N2 be the incidence matrices of design d, d1 and d2 respectively.

As the design d2 is the union of d and d1, the incidence matrix N2 can be written as N2 =
[N : N1]. The concurrence matrix of d2 can then be written as

N2N′
2 = NN′ +N1N′

1 = 2[(r−λ)Iv +λEvv] (3)

which is the concurrence matrix of a BIB design with parameters v2 = v,b2 = 2b, r2 =

b,k2 = k,λ2 = 2λ. Hence the theorem.

Example. Consider a BIB design d with parameters v = 6,b = 20, r = 10,k = 3,λ = 4.

The parameters of the corresponding complementary design d1 are v1 = 6,b1 =

20, r1 = 10,k1 = 3,λ1 = 4. Using Theorem 3.2, d2 gives a BIB design with parameters

v2 = 6,b2 = 40, r2 = 20,k2 = 3,λ2 = 8. The resulting design is also a resolvable BIB design.

Remark 3.1. BIB designs obtained by using Theorem 3.2 with v = 2k are either

resolvable or affine resolvable. For odd k, the design is resolvable (as v = 2k implies

b = 2r). For even k, the design is affine resolvable (as k2/v is integer).

Corollary 3.1. Consider a BIB design that does not satisfy v = 2k. Then the design

d2 gives an incomplete block design that is a variance balanced design with unequal block

sizes and equal replications.

Proof. The C-matrix of design d2 is obtained by

C = θ(Iv−
1

v
Evv)
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where θ is the non-zero eigenvalue of the C-matrix with multiplicity (v−1). So the design

d2 is variance balanced. The parameters of d2 are easily obtained by v2 = v,b2 = 2b, r2 =

b,k2 = (k,v−k),λ2 = λ+λ1.

As a concluding remark, in this article, our intention was not to construct a balanced

incomplete block design (with or without repeated blocks) and a variance balanced design

with equireplicated and unequal block sizes. Our main goal was to explain and establish

conditions on the occurrences of the triplets of treatments in a BIB design, its comple-

mentary BIB design and the design formed by taking the union of a BIB design and its

complementary design.
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Abstract 

Assuming that the stationary distribution in an M|M|1 balking situation is Negative Binomial, 
maximum likelihood estimator (MLE) and Bayes estimator of the parameter p based on the 
number of observations present at several sampled time points are obtained. Further, the 
minimum posterior risk associated with Bayes estimator and minimum Bayes risk of the 
estimator are obtained. In addition, the maximum likelihood and consistent asymptotically 
normal (CAN) estimators and 100(1- )% asymptotic confidence interval for the expected 
number of customers in the system are obtained. 
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1. Introduction 

Most of the studies on queuing models are confined to only obtaining expressions for 
transient or stationary (steady state) solutions and do not consider the associated statistical 
inference problems. Parametric estimation, interval estimation and Bayesian estimation are 
some of the essential tools to understand any random phenomena using stochastic models. 
Analysis of queuing systems in all these directions has not received much attention in the 
past. Whenever the systems are fully observable in terms of their basic random components 
such as interarrival times and service times, standard parametric techniques of statistical 
theory are quite appropriate.  

An important aspect of queuing theory is to estimate queuing parameters for which both 
classical and Bayesian approaches are useful. It is often the case that some information is 
available on the parameters of the interarrival time or service time distributions from prior 
experiments or prior analysis of the interarrival time or service time data. The Bayesian 
approach provides the methodology for formal incorporation of prior information with the 

c©
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current data. Table 1 indicates the present state of work of queuing systems, wherein both 
classical and Bayesian approaches are used for the estimation of queuing parameters. 

Table 1. Confidence Limits for LS, WS and WQ of queueing systems 

 
Thiruvaiyaru and Basawa (1992) adopted an empirical Bayesian approach to estimate the 

parameters of various queuing systems, where they used arrival and service times as the 
observed data. In all these models considered so far, it may be noted that MLE and Bayes 
estimator of queuing parameters are obtained by observing mainly number of arrivals and 
number of service completions in a discrete set up and interarrival time, service time 
completion, waiting time or sojourn time in the continuous setup. But in a real life situation 
the number of customers at different time points is easy to observe. Recently, Mukherjee and 
Chowdhry (2005) have obtained MLE and Bayes estimator of traffic intensity in an M|M|1 
queuing model based on the number of customers present at several sampled time points. An 
attempt is made in this paper to obtain MLE of the parameter p based on the number of 
observations present at several sampled time points assuming that the stationary distribution 
in an M|M|1 balking situation is Negative Binomial. Further, Bayes estimator of p under the 
same set up, minimum Bayes risk and minimum posterior risk associated with Bayes 
estimator of p are obtained. In the next section, the MLE of p and its exact distribution are 
obtained. 

2. MLE OF p and Its Exact Distribution 

Assume that for an M|M|1 balking situation, the stationary distribution is given by  
 

 pr =   r + N − 1

N − 1
  pN qr  ,              r =  0,1,2,3⋯ (2.1) 

 
where p+q = 1. 

S.No System description Authors Estimators 

1 M|M|1 Clarke (1957) MLEs of Ȝ and ȝ 

2 M|M|1 Muddapur (1972) 
Bayes estimators of Ȝ 
and ȝ 

3 M|M|1|∞ and M|M|1|N 
Yadavalli et al 
(2004) 

MLE of WQ 

4 M|M|c|∞ and M|M|c|N 
Yadavalli et al 
(2006) 

MLE of WQ 

5 
Tandem queue with blocking 
and dependent structure for 
service times 

Chandrasekhar et 
al (2006) 

Moment estimators 
of LS and WS 

6 
Tandem queue with zero 
queue capacity and with 
blocking 

Chandrasekhar et 
al (2008) 

MLE of WS 
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Let (x1, x2, ⋯, xn) denote the number of customers present at different sampled time 
points (t1,t2, ,tn). The likelihood function of the number of customers (x1, x2, , xn) present 

at (t1,t2, ,tn) is given by 

 

  (2.2) 

 
Clearly,  
 

   

 
with the probability mass function given by 

 

  

 = f(y; p) (say) 
 

It readily follows that,   and   . 

Since  is a one-to-one function of y, it is clear that y =0,1,2,3, with probability mass 

function given by  
 

  

  (2.3) 

 

Now, for large n,  

and  

  

  

 
i.e.,  is a consistent estimator of p. 
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3. Bayes Estimator of p 

In this section, Bayes estimator of p and its Bayes risk are obtained by using the same 
data of section 2 namely the number of customers present at several sampled time points. 
Beta distribution of first kind is taken as natural conjugate prior density for the parameter p. 
Assume that, p has a prior distribution Beta of first kind with the parameters α1 and α2. 

 

 ݅. �. , = 2ߙ,1ߙ|� �  
1ߙ ߚ1 1 1−1ߙ� 2ߙ, − 0    ,  2−1ߙ � < � < 1, ,1ߙ 2ߙ > 0 (3.1) 

 
The marginal pdf of Y, which is called the predictive pdf is given by  
 

f ∗ y =   f y; p 1

0

τ p|Ƚ1, Ƚ2 dp 

=  
Ⱦ nN + Ƚ1, y + Ƚ2 Ⱦ Ƚ1,Ƚ2  y + nN − 1

nN − 1
  

 
Hence, the posterior distribution of p is given by  
 

q p x1,x2,⋯ , xn =
f y; p  τ p Ƚ1,Ƚ2  f y; p  τ p 1

0
Ƚ1,Ƚ2) dp

 

 =  
1

    Ⱦ nN +Ƚ1 ,y+Ƚ2 p nN +Ƚ1 −1 1 − p  y+Ƚ2 −1, 

 
 0 < p < 1 (3.2) 
 
It may be noted that the posterior distribution of p is also that of Beta distribution of І 

kind with the parameters (nN+α1) and (y+α2). 
Thus, the Bayes estimator of p under squared error loss is given by 
 

E p x1,x2,⋯ , xn  =   p ∙ q p x1,x2,⋯ , xn dp

1

0

 

 =  
 nN +α1  nN +α1+α2+y  (3.3) 

 
Further, the minimum posterior risk associated with this Bayes estimator is given by  
 

Vp p B|x1,x2,⋯ , xn =  E p − p 2 

=    p − p 2

1

0

. q p x1,x2,⋯ , xn dp  

 =  
n2N2 nN +y 2

+
 nN +Ƚ1  nN +Ƚ1+Ƚ2+y  y Ƚ1+1 −nN  nN +Ƚ1+2Ƚ2+y+1  nN +Ƚ1+Ƚ2+y+1  nN +y   (3.4) 
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Now, the marginal distribution h(x1, x2, , xn) of f(x1,x2, ,xn) is given by 

 

  

  

 

Now, the minimum Bayes risk  is given by  

 

  

  

  

4. Expected Number of Customers in the System 

Suppose in M|M|1 balking model, the discouragement function bn is given by  
 

bn = e
−Ƚnμ , n = 1,2,⋯ ;    b0 ≡ 1. 

 
Hence, the stationary distribution { pn, n ≥ 0} is given by 
 

pn = p0   λμ n  bi−1

n

i=1

,      n = 0,1,2, ⋯  

 

Now,  pn = 1∞
n=0   

    p0 =  
1 1+  λμ j

.e
−  

j(j−1)Ƚ
2μ∞

j=1   
In other words,  pn =

 λμ n

.e
−n n−1 Ƚ

2μ
  1+  λμ j

.∞
j=1 e

−j j−1 Ƚ
2μ  , n = 0,1,2,⋯  

Now, the expected number of customers in the system is given by 
 

  Ls =  npn
∞
n=0 =

1 1+  λμ j

.∞
j=1 e

−j j−1 Ƚ
2μ   n.  λμ n

.∞
n=0 e

−n n−1 Ƚ
2μ  (4.1) 
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5. MLE and CAN Estimator for the Expected Number of 

Customers in the System 

5.1. ML Estimator 

Let X1, X2, …, Xn and Y1, Y2, …, Yn be two independent random samples each of size n 
drawn from exponential interarrival time and exponential service time populations with the 

parameters  and µ respectively. It is clear that E X  =
1λ and E Y  =

1μ , where  X  and Y   are 

the sample means of interarrival times and service times respectively. It can be shown that X  

and Y  are the MLE’s of 
1λ  and  

1μ respectively.  

Let θ1 =
1λ  and θ2 =

1μ . Clearly, the expected number of customers in the system given 

in (4.1) reduces to 
 

 Ls =
1 1+  θ2θ1
 j

.e
−j j−1 Ƚθ2

2∞
j=1  .  n∞

n=0 .  θ2θ1
 n

. e
−n n−1 Ƚθ2

2   (5.1) 

 
and hence MLE of Ls is given by 

 

 L s =
1 1+  Y 

X  j∞
j=1 e

−j j−1 ∝Y 
2   .  n.  Y 

X  n

. e
−n n−1 ȽY 

2
∞
n=0  

 
It may be noted that L s is a real valued function in X  and Y , which is also differentiable. 

Consider the following application of multivariate central limit theorem. see Rao(1974). 

5.2. Application of Multivariate Central Limit Theorem 

Suppose T1′, T2′, T3′, … are independent and identically distributed k- dimensional 
random variables such that 

 
 Tn′ = (T1n , T2n , T3n ,…, Tkn), n = 1,2,3,… 

 
having the first and second order moments E(Tn) = ȝ and var(Tn) = ∑ . Define the sequence of 
random variables  
 

 T n
′

= (T 1n , T 2n ,… , T kn ), n = 1,2,3,… 
 

where T in =
 Tij

n
j=1

n
 , i = 1,2,3, … , k; j = 1,2,3,… , n. 

Then, √n T n − μ d Nk 0,    as n
     ∞ . 
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5.3. CAN Estimator 

By applying the multivariate central limit theorem given in section 5.2, it is readily seen 

that √n  X , Y  −  θ1, θ2  d N2 0,   as n
  ∞, where the dispersion matrix  =   �݆݅    is 

given by ∑ = diag(θ1
2, θ2

2). Again from Rao (1974), we have 
 

 √n L s − Ls d N 0,σ2 θ   as  n
  ∞. 

 
where θ = (θ1, θ2) and 
 

     σ2 θ =   ∂Ls∂θ i
 2 σii

2
i=1   

 =  ∂Ls∂θ i
 2 θi

22
i=1  (5.2) 

 

By substituting the partial derivatives  ∂Ls∂θ i
 , i = 1, 2 in (5.2) , we obtain an expression for σ2 θ . Thus, L s is a CAN estimator of Ls. There are several methods for generating CAN 

estimators and the Method of moments and the Method of Maximum likelihood are 
commonly used to generate such estimators. see Sinha(1986). 

5.4. Confidence Limits for the Expected Number of Customers in the System 

Let σ2 θ   be the estimator of σ2 θ  obtained by replacing θ by a consistent estimator θ  

namely θ =   X  , Y  . Let σ2 =  σ2 θ  . Since σ2 θ  is a continuous function of θ, σ2  is a 
consistent estimator of  σ2 θ . 

 

 i.e., σ2  
P   σ2 θ  as n 

  ∞. 
 
By Slutsky theorem  
 

  Xn

d X , Yn

P b
  Xn

Yn

d X

b
, b ≠ 0 , 

 
we have 

 √n  L s−Lsσ  d N(0,1) 

 i.e., Pr −k∝
2

<
√n L s−Ls  σ < kȽ

2

 =  1 − Ƚ , 
 
where kȽ

2

 is obtained from normal tables. Hence, a 100(1- α)% asymptotic confidence interval 

for Ls is given by 
 

 L s ± kȽ
2

σ √n
. (5.3) 
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where σ  is obtained from (5.2).  
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Abstract

In this paper, we demonstrate the method of construction of 100(1−δ)% confidence

interval for parameter λ (scale parameter) of a Weibull distribution based on a sam-

ple of size one. We take a cue from this method to construct a similar 100(1− δ)%
confidence intervals for these parameters based on X1:n = min{X1,X2, . . .,Xn} where

X1,X2, . . .,Xn are n(≥ 2) independent random variables from a Weibull distribution

having parameters λ and β. For β = 1, i.e. for exponential distribution, although

the proposed confidence interval for the mean λ overlaps with the confidence interval

based on chi-square distribution, the former one is significantly narrower than the lat-

ter one. For n ≥ 2 additional numerical results that compare proposed 100(1− δ)%
confidence intervals for λ with the ones that are given in Bain and Engelhardt (1991)

are provided. It is interesting to note that the former ones turn out to be significantly

narrower than the latter ones for samples of sizes 1 through 5 for δ = 0.02,0.05 and

0.10.

1. Introduction

In many industrial situations, development of a product involves use of extremely ex-

pensive prototypes. Even the accelerated life testing requires large amount of time to yield

complete life. In such situations the user is required to make inferences about the product

as and when the first observation becomes available. Such inferential work based on sample

size one is available for random variables having normal distribution. Machol and Rosen-

blatt (1966) provided 100(1− δ)% confidence interval (CI) of finite length for the mean

(µ) for the given standard deviation, σ, when X ∼ N(µ,σ2). For this case, Balchman and

Machol (1987) obtained σ-free bounds for µ. Edelman (1990) showed that for every value

of δ, 100(1− δ)% confidence interval can be constructed for the mean of any unimodal

distribution. Recently, Wall, Boen and Tweedie (2001) produced σ-free bounds for µ based

on samples of size n=2 that are better than traditional bounds based on t-distribution.

In the context of reliability theory parametric distributions such as exponential, Gamma

and Weibull distributions play very vital role. In this paper some inferential work based on

sample of size one as well as sample of size n ≥ 2 for Weibull distribution is presented. To

be specific we consider the problem of providing 100(1−δ)% confidence interval for the

scale parameter λ of a Weibull distribution on the basis of sample sizes n=1 and n≥ 2 when

the shape parameter β is unknown. The only information required about β is whether β < 1
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or β > 1, i.e., essentially the information in terms of the aging properties of the component.

It should be emphasized that when n=1 and β = 1 (exponential distribution), although the

proposed confidence interval overlaps with the traditional confidence interval based on chi-

square distribution, it is significantly narrower than the latter one. It is interesting to note

that for n ≥ 2, the pivot for the confidence interval is taken to be the first order statistics X1:n

which represents the lifetime of a series system of n independent components. For n ≥ 2

additional numerical results that compare proposed 100(1− δ)% confidence intervals for

λ with the ones that are given in Bain and Engelhardt (1991) are provided. It should be

highlighted that the former ones turn out to be significantly narrower than the latter ones for

samples of sizes 1 through 5 for δ = 0.02,0.05 and 0.10.

The organization of this paper is as follows. Section 1 contains introduction. Vari-

ous subsections of Section 2 contain discussion on 100(1− δ)% confidence intervals for

various ranges of β. Specifically, Subsections 2.1, 2.2 and 2.3 deal with construction of

100(1−δ)% confidence intervals for the scale parameter of Weibull distribution based on a

single observation and when β = 1, β > 1 and β < 1 respectively. Subsection 2.4 discusses

numerical results corresponding to theoretical results presented in Subsections 2.2 and 2.3.

Section 3 gives similar results when the sample size n is at least 2.

2. Confidence Interval for λ Based on Sample of Size One

It is known that the cumulative distribution function (CDF) of a Weibull random vari-

able X with parameters λ and β is given by

F(x) = 1−exp

(

−
( x

λ

)β
)

, x > 0; λ > 0, β > 0. (2.1)

To decide the nature of the confidence interval, we use the fact that F(X) is U [0,1] random

variable. Now for given δ ∈ (0,1) there exist a and b (0 < a < b < 1) such that

P[a < F(X) < b] = 1−δ. (2.2)

Using F(x) as given in Equation 2.1, one can simplify Equation 2.2 as

P[k1X ≤ λ ≤ k2X ] = 1−δ (2.3)

where k1 and k2 depend upon shape parameter β. Further k2 may be infinite and k1 may be

zero for a given value of δ. The question is - can one get β-free bounds for λ? We answer

this question in affirmative. We in fact show that if limited information about β, say β < 1

or β > 1, is available then for δ in disjoint subintervals of (0,1) it is possible to provide

β-free bounds for λ. It is worthwhile to note that β > 1 (β < 1) is a well known case of IFR

(DFR) distribution. If the problem is related to the life of a mechanical component whose

lifetime has adverse effect on aging then assuming β > 1 is natural, where as, if the problem

is related to repair (replacement) times then assuming β < 1 may be more adequate. Below,

we attempt to provide CI for both these situations.

Note that when k1 > 0 and k2 > 0, in view of Equation 2.1, Equation 2.3 simplifies to
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Table 2.1.

CI based on chi-square New proposed CI

distribution

δ = .01 (0.1887X, 199.4992X) (0.1086X, 100.5092X)

δ = .05 (0.2711X, 39.5257X) (0.1669X, 20.5488X)

δ = 0.1 (0.3338X, 19.4956X) (0.2171X, 10.6032X)

e
−( 1

k2
)β

−e
−( 1

k1
)β

= 1−δ. (2.4)

This, in turn, yields

k2(β) = [− ln{(1−δ)+e
−( 1

k1
)β

}]−1/β. (2.5)

Note that k2(β) in the above equation is defined if and only if

k1 < q1
1/β (2.6)

where q1 = (− lnδ)−1. Hence for a known β, one may select k1 = q1
1/β and the correspond-

ing 100(1−δ)% confidence interval will become (k1X ,k2X). Observe that q1 < 1 ⇔ δ <

e−1 and q1 ≥ 1 ⇔ δ ≥ e−1. However for this choice of k1, k2(β) = ∞ for all values of β.

This suggests that we need to consider values of k1 ∈ (0,q
1/β
1 ) for which k2 is finite. As

mentioned earlier, our aim is to construct β-free confidence interval when the value of β is

unknown. We, first begin with the case β = 1 which corresponds to exponential distribution

having mean λ.

2.1. Confidence Interval for λ when β = 1

As noted above, k2(1) is defined if and only if k1 ≤ q1
1 where q1 = (−lnδ)−1. Therefore

100(1−δ)% CI exists and is given by (k1X ,k2(1)X) where k1 = a(−lnδ)−1 for a ∈ (0,1)
and k2(1) is as defined in Equation 2.5. The comparison of this CI with the CI based on

chi-square distribution is made in the following table by taking a = 1/2 and it reveals that

although the former CI is not completely contained in the latter CI, it is significantly nar-

rower than the CI’s based on chi-square distribution. Moreover, it turns out to be narrower

irrespective of the value of a. As the value of a increases, the confidence interval becomes

more and more narrower, and eventually it gets completely contained in the confidence

interval based on chi-square distribution. X appearing in the following table represents a

single observation from exponential distribution with mean λ.

Remark 2.1. It is true that the CI based on chi-square distribution can be made shorter by

moving the cut-off points to the left. However, note that in the methodology given above k1

depends on a∈ (0,1) and thus the choice of a can be made so as to ensure that the proposed

CI is shorter than the former one.
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Remark 2.2. It may be noted that, unlike the traditional CI, the proposed CI is not con-

structed using maximum likelihood estimator.

Next, we consider the case β > 1.

2.2. Confidence Interval for λ when β > 1

It follows from Inequality (2.6) that 100(1−δ)% CI (k1X ,k2X) has an infinite length

when k1 = q
1/β
1 . Thus it is of interest to determine values of k1 in (0,q

1/β
1 ) for which

0 < k1 < k2 < ∞. The natural β-free choice for k1 is inf
β>1

q1
1/β. Thus

inf
β>1

q
1/β
1 =

{

q1 if δ < e−1 (i.e. q1 < 1)

1 if δ ≥ e−1 (i.e. q1 ≥ 1).

We need to consider two cases.

Case I. δ < e−1 (i.e. q1 < 1)

In this case inf
β>1

q
1/β
1 = q1, and if we take k1 = q1 then

k2(β) = [− ln(1−δ+e
−( 1

q1
)β

)]−1/β

< q
1/β
3 (2.7)

where q3 = [− ln(1 − δ + e
−( 1

k1
)
)]−1 for k1 ∈ (0,q1). Hence any value in the interval

(k2(β),∞) is a candidate for the coefficient of an upper bound. In order to have a β-free

choice of the coefficient of an upper bound, one needs to consider
T

β>1

(k2(β),∞) which is

equal to (sup
β>1

k2(β),∞). However, sup
β>1

k2(β) = ∞ for q1 < 1. This shows that there is no finite

upper bound when q1 < 1. Further, it is worthwhile to add that for any value of k1 ∈ (0,q1),

the corresponding β-free upperbound is ∞.

Thus, in this case, CI is of the type (aq1X ,∞), a ∈ (0,1), having at least (1−δ) confidence

coefficient. Note that (q1X ,∞) is the optimal CI having (1−δ) confidence coefficient.

Next we consider the case δ > e−1.
Case II. δ ≥ e−1 (i.e. q1 ≥ 1)

In this case inf
β>1

q
1/β
1 = 1 and, therefore, the coefficient, k1, of lower bound is a number

between (0,1]. When k1 = 1, k2(β) = q2
1/β where

q2 = [− ln(1−δ+e−1)]−1.

The following observations, namely,

q2 > 1 ⇔ δ < 1,

and

δ ≥ e−1 ⇔ q2 ≥ 0
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ensure that an upper bound q
1/β
2 X is finite provided δ ∈ [e−1,1). Now, using arguments sim-

ilar to Case I, it follows that for β-free CI the coefficient k2 must belong to
T

β>1

(q2
1/β,∞) and

this intersection is equal to [ sup
q2>1,β>1

q2
1/β,∞). In otherwords, the coefficient k2 ∈ [q2,∞).

When k2 = q2, the CI with at least (1−δ) confidence coefficient is given by (X ,q2X).

Results obtained in Case I and Case II are summarized below in the form of a theorem.

Theorem 2.1. If X ∼W(λ,β), β > 1 with FX (x) = 1−exp(−( x
λ)β), then β-free confidence

interval with at least (1−δ) confidence coefficient for the scale parameter λ is (i) (q1X ,∞)

for δ ∈ (0,e−1) with q1 = (− lnδ)−1 and (ii) (X ,q2X) for δ ∈ (e−1,1) with q2 = [− ln(1−
δ+e−1)]−1.

We note that the above theorem provides a finite length CI for δ ∈ (e−1,1), while for δ ∈
(0,e−1) it does not have a finite upper bound. We address the latter issue in Theorems 2.3

and 2.4. Prior to that, below, we examine the case for β < 1.

2.3. Confidence Interval for λ when β < 1

The rationale employed in Section 2.2 to obtain β-free upper and lower bounds, wherever

possible, is used in this section also. To avoid repetition, it is not stated explicitly below. In

this case

inf
β<1

k1 =

{

0 if δ < e−1

q1 if δ ≥ e−1.

When δ < e−1, using k1 = 0, Equation 2.5 yields,

k2(β) = [− ln(1−δ)]−1/β.

For 0 < δ < e−1, [− ln(1−δ)]−1 > 1 we have supk2(β)= ∞. Hence 100(1−δ)% confidence

interval for δ < e−1 and β < 1 is (0,∞).

For δ > e−1, we have infq
1/β
1 = q1 which is greater than or equal to one. Hence any number

aq1 with 0 < a < 1 is a candidate for k1. One may verify that β-free bound for k2(aq1) turns

out to be ∞ when supremum is taken over entire range (0,1) of β. Hence in this case, the

result can be summarized as given below.

Theorem 2.2. If X ∼ W(λ,β), β < 1 with FX (x) = 1 − e(−( x
λ )β), then β-free confidence

interval with at least (1−δ) confidence coefficient for the scale parameter λ is (i) (0,∞) for

δ ∈ (0,e−1) and (ii) (q1X ,∞) for δ ∈ (e−1,1) with q1 = (− lnδ)−1.

Note that Theorem 2.2 states that with minimal information, one can not provide a finite

length β-free confidence interval for the scale parameter λ of a Weibull distribution having

β as its shape parameter.

These several 100(1−δ)% CIs obtained in Theorems 2.1 and 2.2 can be summarized in the

following table.
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Table 2.2.

δ ∈ (0,e−1) δ ∈ (e−1,1)

β ∈ (0,1) (0,∞) (q1X ,∞)

β ∈ (1,∞) (q1X ,∞) (X ,q2X)

where q1 and q2 are as defined in Theorems 2.1 and 2.2. Next we give below a theorem

which shows that if an additional information about β such as 1 < β0 ≤ β or 0 < β0 < β < 1

for known β0 is available then it is possible to provide finite length CI for λ.

Theorem 2.3. For β ∈ [β0,∞), β0 > 1, 100(1− δ)% CI is given by (i) (aq1X ,q
1/β0

4 X) if

δ ∈ (0,e−1), (ii) (X ,q2X) if δ ∈ (e−1,1− e−1), and, (iii) (max{aq1X ,X},min{q2X ,X}) if

δ ∈ (1− e−1,1) where q1 = (− lnδ), q2 = [− ln(1− δ + e−1)]−1, and q4 = [− ln(1− δ +

e−n)]−1. Here a ∈ (0,1), and n > 1 are such that (
1

aq1

)
β0

> n.

Proof. Recall that

k2 =

[

− ln

(

1−δ+e
−( 1

k1
)
β
)−1

]1/β

is defined only if k1 ≤ q
1/β
1 where q1 = (− lnδ)−1. Now,

inf
β∈[β0,∞)

k1 =

{

q1 if q1 < 1

1 if q1 ≥ 1.

Here again two cases arise.

Case 1. If q1 ≥ 1 let k1 = 1. Then k2 = q
1/β
2 where q2 = [− ln(1−δ+e−1)]−1, and,

sup
β∈[β0 ,∞)

q
1/β
2 =

{

1 if q2 ≤ 1

q2 if q2 ≥ 1

Hence for δ ∈ (e−1,1), 100(1−δ)% CI for λ is (X ,q2X).
Case 2. If q1 < 1 then k1 = q1. This yields the following inequality, namely,

[

− ln(1−δ+e
−( 1

q1
)
β

)−1

]1/β

= k2(q1)

< q
1/β
3 (2.8)

where q3 = [− ln(1−δ+ e
−( 1

q1
)
)]−1. But k1 = q1 implies that q3 = ∞. Hence k1 = q1 does

not provide finite upper bound. To get a finite upper bound, we find a, n such that

1

q1

(
1

n+1
)

1/β

< a <
1

q1

(
1

n
)

1/β
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and this, in turn, leads to

[− ln(1−δ+e−(n+1))−1]1/β < [− ln(1−δ+e
− 1

aq1 )−1]1/β < [− ln(1−δ+e−(n))−1]1/β].

Therefore, k2(aq1)≤ q4
1/β where q4 = [− ln(1−δ+e−n)]−1. Therefore,

sup
β∈[β0,∞)

q
1/β
4 =

{

1 if q4 ≤ 1

q
1/β0

4 if q4 ≥ 1.

Therefore, for δ ∈ (0,e−1) 100(1−δ)% CI for λ is given by (aq1X ,q
1/β0

4 X). If q4 < 1 then

100(1−δ)% CI for λ is given by (aq1X ,X).

Theorem 2.4. For β ∈ (β0,1), β0 > 0, 100(1− δ)% CI for λ is (i) (aq1X ,q1/β0X) if δ ∈
(e−1,1− e−1), (ii) (aq1X ,qX) if δ > 1− e−1 where q = [− ln(1−δ+ e−m)]−1, 0 < a < 1

q1

and m > 1 are numbers such that a <
1

m
1

β0 q1

.

Proof. Let β ∈ (β0,1). Note that for a ∈ (0,
1

q1

), there exists m(β0,δ) such that a <
1

m
1

β0
q1

.

This leads to

[− ln(1−δ+e
−(

1

aq1

)
β

]−1/β < [− ln(1−δ+e−m)]−1/β = q1/β

where q = [− ln(1−δ+e−m)]−1. Therefore,

sup
β∈(β0,1)

q
1
β =

{

q if q ≤ 1

q1/β0 if q ≥ 1.

Therefore, for δ > 1−e−1, 100(1−δ)% CI for λ is given by (aq1X ,qX) whereas the same

for δ ∈ (e−1,1−e−1) is equal to (aq1X ,q1/β0X). In view of Theorems 2.3 and 2.4, Table 2.2

is modified accordingly to contain more precise information on bounds on λ and is given

below in the form of Table 2.3.

Here q, q1, q2 and q4 are as defined in Theorems 2.3 and 2.4.

Remark 2.3. For completeness sake, confidence intervals are provided for various values

of δ ∈ (0,1). For β < 1 and for smaller values of δ, finite intervals do not exit and hence

are not available. However for β > 1, finite confidence intervals having confidence coeffi-

cient to be at least 0.63 can be obtained. It may, further, be noted that in practice there are

instances in which actual coverage probabilities are as low as 30% for 95% or 99% con-

fidence intervals for parameters of interest. Thus with confidence intervals having at least

0.63 confidence coefficient, it should be considered quite reasonable even if the coverage

probability is about 50%.

Remark 2.4. As mentioned earlier, it may be noted that the issue of optimality of CIs has

not been considered in this paper.
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Table 2.3.

δ ∈ (0,e−1) δ ∈ (e−1,1−e−1) δ ∈ (1−e−1,1)

0 < β0 < β < 1 (0,∞)
(

aq1X ,q
1

β0 X
)

(aq1X ,qX)

β > β0 > 1

(

aq1X ,q
1

β0

4 X

)

(X ,q2X) (X ,q2X)

Remark 2.5. Edelman (1990) showed that if X is a continuous random variable with uni-

modal density that has mode θ, then for any fixed a and t > 1,

P[X − t|X −a| ≤ θ ≤ X + t|X −a|]≥ 1−
2

t +1
.

Note that for Weibull distribution with parameters λ and β,

θ =

{

0 if β ≤ 1

λ(β−1
β )1/β if β > 1.

Thus if β > 1, then Edelman’s bounds with a = 0 acquire the following form, namely,

X − t|X | ≤ λ(
β−1

β
)1/β ≤ X + t|X |.

This implies that

(X − t|X |)(
β

β−1
)1/β ≤ λ ≤ (X + t|X |)(

β

β−1
)1/β.

Therefore, β-free bounds on λ can be obtained by taking the infimum and supremum w.r.t.

β(> 1) of the lower and upper bounds, respectively, of the above inequality. On comparing,

it is found that β-free CI of λ obtained using Edelman’s result is of infinite length while CIs

obtained using Theorems 2.3, 2.4 all have finite lengths.

2.4. Numerical Results

From Table 2.3 it is clear that the meaningful numerical results are possible only for

β > β0 > 1 and (1−δ) ∈ (0.63212,1) and the same are reported below for β0 = 2 and (1−

δ) = 0.95. It may, further, be noted that the meaningful confidence intervals are possible

only when a is smaller than the value shown against each confidence interval.
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Table 2.4.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

m confidence interval

3 (a(0.3338)X, 68.4981X), a < 1.7296

4 (a(0.3338)X, 5.5730X), a < 1.4979

5 (a(0.3338)X, 4.7551X), a < 1.3398

6 (a(0.3338)X, 4.5300X), a < 1.2230

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

3. Bounds for λ Based on n(≥ 2)

Here, unlike in Section 2, we assume that n(≥ 2) independent observations

X1,X2, . . . ,Xn are available. Further assume that Xi observation follows Weibull distribu-

tion with λi as its scale parameter, and β as its shape parameter for i = 1,2, . . .,n. We see

in this section that a closure property of Weibull distribution together with results in Sub-

sections 2.1, 2.2 and 2.3 yields a number of very useful confidence intervals for various

functions of the original scale parameter λi. These, in turn, provide several important re-

sults in the context of reliability studies. We first state below a closure property of a Weibull

distribution in the form of a theorem.

Theorem 3.1. If X1,X2, . . . ,Xn are independent random variables such that Xi has Weibull

distribution with parameters λi & β, i = 1,2, . . .,n then X1:n = min(X1, . . . ,Xn) follows

W(λ0,β) where λ0 =

(

n

∑
1

λ
β
i

)1/β

.

In view of this result (and the results in Subsections 2.2-2.3) it is quite clear that 100(1−

δ)% CIs for λ0 can easily be constructed along the lines of the ones in these two sections.

We emphasize that these are 100(1−δ)% CIs based on n independent observations from

Weibull distribution and are in terms of the minimum of n observations.

Remark 3.1. Note that X1:n = min(X1,X2, . . . ,Xn) can be viewed as the lifetime of a series

system comprising of components having independent Weibull lifetimes. As the confidence

bounds for λ0 are based on X1:n, they, in turn, can be used to yield confidence bounds for

reliability of the corresponding system. This observation has significant practical value

as these bounds on reliability of the system are available for any life distribution which is

a member of the Weibull family of distribution functions and not necessarily that of only

exponential family of distribution functions.

Remark 3.2. Let λmin = min{λ1,λ2, . . . ,λn} and λmax = max{λ1,λ2, . . . ,λn}. As

n1/β(λmin) ≤ λ0 ≤ n1/β(λmax), suitable confidence intervals for λmin,λmax can be deter-

mined. However, it should be noted that these confidence intervals are one-sided and have

confidence coefficient greater than or equal to (1−δ). Further, the above remark regarding

confidence intervals on the reliability of the system is applicable when component lifetimes

are independent, Weibully distributed random variables having λmin or λmax and β as pa-

rameters.
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Remark 3.3. If in addition X1,X2, . . . ,Xn are also identically distributed then λ0 = n1/βλ.

Therefore using results of Section 2, CIs for λ would become available for different ranges

of β and δ.

Remark 3.4. The dependence of λ0 on β, in general, does not pose any problem because

metallurgical properties suggest that β can be determined using Hooke’s law (Barlow

(1998)) and thus, in principle, it can be assumed to be known.

3.1. Numerical Results

Let β = 1. A two-sided 100(1−δ)% confidence interval for λ based on the ith order

statistic is given by

[

Xi:n

− ln[Bδ/2(n− i+1, i)]
,

Xi:n

− ln[B1−δ/2(n− i+1, i)]

]

where Br(p,q) =
pFr(2p,2q)

q+ pFr(2p,2q)
. Br(p,q) and Fr(2p,2q) are the percentage points of the

beta and F distributions respectively. This result is available in Bain and Engelhardt (1991,

page 185). For i = 1, this two-sided 100(1−δ)% confidence interval for λ becomes

Table 3.1.

n δ Value of X1:n in a 100(1−δ)% confidence

sample of size n interval given in interval proposed

drawn from Bain & Engelhardt in this paper

Exp(1) distribution

1 0.02 1.9229 [0.4174, 191.3241] (0.2457, 96.4481)

0.05 [0.5213, 75.9495] (0.3209,39.5128)

0.10 [0.6419, 37.4960] (0.4175, 20.3886)

2 0.02 1.3196 [0.5731, 262.5657] (0.0843, 33.3308)

0.05 [0.7154, 104.0652] (0.1101, 13.5576)

0.10 [0.8812, 51.4936] (0.1432, 6.9957)

3 0.02 1.0184 [0.6636, 308.1093] (0.0434, 17.1500)

0.05 [0.8282, 120.6740] (0.0567, 6.9759)

0.10 [1.0204, 59.3955] (0.0737, 3.5996)

4 0.02 0.4055 [0.3521, 166.9972] (0.0130, 5.1203)

0.05 [0.4397, 64.1621] (0.0169, 2.0831)

0.01 [0.5413, 31.7260] (0.0220, 1.0750)

5 0.02 1.4198 [1.5415, 706.0310] (0.0363, 14.3456)

0.05 [1.9235, 277.6901] (0.04739, 5.8352)

0.10 [2.3710, 138.4346] (0.0617, 3.0110)

6 0.02 0.3865 [0.5033, 227.1625] (0.0082, 3.2542)

7 0.02 0.2339 [0.3557, 166.9687] (0.00427, 1.6882)
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[

X1:n

− ln[Bδ/2(n,1)]
,

X1:n

− ln[B1−δ/2(n,1)]

]

. (3.1)

In view of Theorem 3.1 and Remarks 3.3 and 3.4, confidence intervals indicated in Table

2.3 would become applicable for n > 1 with X being replaced with X1:n. The comparison of

these resulting confidence intervals with those given in (3.1) is carried out here for various

values of δ by drawing random samples of sizes ranging from 1 to 10 from the exponential

distribution with mean 1. These results are presented below in Table 3.1.

It is quite evident from this table that for samples having sizes 1 through 5 and for

δ = 0.02,0.05,0.1, the newly proposed confidence intervals are significantly narrower than

those given in Bain and Engelhardt (1991, page 185) inspite of the fact that the latter ones

are obtained using maximum likelihood approach. However, for samples of sizes 6 through

8, similar observation is available only for delta δ = 0.02. This is because for other values

of δ = 0.05 and 0.1, and for n = 6,7,8, the confidence intervals proposed in this paper do

not include the value of the parameter λ = 1.
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