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Abstract Moments of discrete distributions araiaBy calculated by averaging the probability
mass function or calculating charagséc function and then differentiating it. In this paper we
try to popularize a mass identiigchnique for calculating moments. Since the probability mass
function adds to one, an identity called maentity or density identity is obtained.
Differentiating repeatedly by a continuous partane the density iddity, we obtain higher
order mass identities that may be usékyond the calculation of moments.
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1. Introduction

Moments of discrete distributions are caltedhvariously by averagg the probability mass
function, differentiating the characistic function etc. In this paper we try to popularize a mass
identity technique for calculating moments. Since the probability mass function adds to one, an
identity called mass identity or density idiénis obvious. In case, the probability mass
function has at least one continuous parameter,can differentiate the density identity
repeatedly to obtain higherder mass identities. In case thés no continuous parameter in
the probability mass function, one can be incorporated. The general mass identity of general
order may be useful beyond the calculabbmoments. The témique applies well to
continuous probability density functions.

Consider a probability mass functiér(x;#) >0, x € D where@ is continuous. Then

Zf (x;8) =1 will be called the density identity. Biifferentiating the density identity, some

xeD

new identities can be generated which is hélipfealculating factorial moments. Note that



Hy =E(X),
“EX (X -1 X —r+1], r =12,
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is ther -th factorial moment. These can then bedi® find raw moments by the relation

H =E(X")
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whereS(r,i ) is the Stirling number of the second kind given by
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The raw moments can be further used to find central moments by
=2y 0

i=0 !

(Johnson, Kotz and Kemp, 1993, 42-44). For a goatbrial proof of Stirling numbers of the
second kind, the reader is refd to Roberts (1984, pp. 182-188hd for an inductive proof ,
the reader is referred fimarder and Mahmood (1997).

2. ldentities Based on M ass | dentities

For nonnegative integaer we will use the notation:

X3 =x(x -1 (x —a+1),x? =1,
X4 =x(x+1---(x +a-1), X =1

In this section, we derivieigher order mass identities fonamber of univariate discrete
distributions.

() Consider the geometric distributianth probability mass function

f(X)=pg*™", O<p<lp+g=1x=12,

Sincef & )is a probability mass function, we haE pg ' =1 or equivalently
x=1



> a*=q@-q)* _1)
x=1
which is an identity irg.

Theorem 2.1 For O<p<landp+q= sz{a}qxzau p g2

x=1

Proof. The first identity in(a) below is equivalent to (2.1). Differentiating (2.1) with respect to
g repeatedly, we have the following identities fr@m) to (e).

@> g* =pTa,
x=1

®)> xq* =p™a,
=1

©)> x¥q* =2p°q,
x=1

d)> xPg* =6p~g®,
x=1

©> x"g* =24p~g*.
=1

The generalization is obvious.

Corollary 2.1 For 0< p<1andp+q = 1lthe following identities are true:

(@3 X" = p~(a*+a) = pa(@+1),

x=1

()3 X" = (o + 4 +q),
(© XX =pE(a* +110° +110° +.) .

Pr oof.

0

@Y X0 = Y (¢ + )"

x=1

=2p~°g’ + pa,
B)Y X" = 3 (K +3¢2 +x)q"
X=1

x=1

=6p ‘g’ +3(2p~°g*) + p~’a,



©> x*q* => (X" +6xF + 7x? + %"
x=1 x=1

=24p~°q* +36p*q® + 7(2p~°q®) + p*q.

Raw moments are then calculated in the following way:
E(X) = ixf (x) = pqlgxq* =pa~(p’a)=p",
E(X Z)ZZXZ f(x)= pqlgxzq* =pq[p(a° +a)l=p*(q+2),
E(X3)=gx3f(><): pq‘lgﬁqx =pa [P *(a*+49” +a)]=p°(q* +4q+1),

etc. The centered moments can then be calculated by the above raw moments by (3).

(i) Consider the Binomial Distriiion with the probhility mass function

f(x)=(n]px(l—p)”‘x, O<p<lp+gq=1x= 0,%-n .
X

so that the mass identity is given by
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Theorem 2.2 For O<p< langp+q= 1> x™ (2](%) =rt?pq™".
x=1 -p

(iif) Consider the Poisson Distributiovith the probability mass function

X

f (x):e‘”“ﬂ—l, A>0,x = 0,1;-- ,.
X

so that the mass identity is

0 X

A

x=OX!

Theorem 2.3 For 2> 0, > x@ l—'z/”taeﬂ.
x=0 X

(iv) Consider the Negative Binomial €ribution with probability mass function



X

f(X)=(k+x_ljpkqx,k= 123,....0< p<lp+q=Lx=012..,

so that the mass identity

z[k X _1]qx o

x=0 X

k +x —

1
Theorem 24 For k= 123...;0<p<landp+q= 1> x® ( jq* =k ptq*
x=0

X

(iv) Consider the TruncatiePoisson Distribution witthe probability mass function

f(x)=(e" —1)‘1/1—|, A50Xx =12 ..
X

so that the mass identity is

o0 X

)
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Theorem 2.5 For >0, ) x'® /1—':/1an )
x=1 X

(vi) Consider the Truncated Binomial Disution with the probability mass function
f (X): (1— qn)l( jpanx ,0< p< 1' p+q ::L_ X= 112,”"n

so that the mass identity is
o0 n X

)3 -

x=1 X q

Theorem 2.6 ForO<p<1landp+q= 1,ix{a} (HJ(BJ =r*pq™".
x=1 X q

(vii) Consider the Logarithmic Digbution with probability mass function

216"
X

f (x)=-(INA-6)) =, 0<9<lx = 1,2,3;-

so that the mass identity is

Z%:—In(l—e).



00 X k
Theorem 2.7: For0<# <1, Zx{k}6—=(k—1)!(%j :
X —

x=1

3. Some General | dentities

The identities developed in this paper are ajplie in a more general situations than in the
context of deriving moments. The following ideties are obtained from Section 2 by putting
particular values of the continuous parameter involved.

(a)ix{a}(%)xzalz,

(b)ix{a} (:(]J: r? e

0 a}
(C)ZX{)d =e,

@ 3K (j@ —ky 2",

00 eX
() > xF ——=e"",
) X!

(f)zx{a}z;zz—aeo.S’
1 X

(9) > (2} 2,

(h)i)ék}?’—::(k—l)!Z‘k.

x=1
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